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Introduction

Topology is a delightful area of study that many students enjoy and

some students fall in love with. Nevertheless, it has a reputation of be-

ing extremely difficult. Students who get to know topology well, often

find it particularly easy; the notions are so natural, and the arguments

so logical, that many of the problems just seem “obvious”. However,

for some students, topology remains forever an obscure and impene-

trable discipline. The main reason for this is its level of abstraction.

In most mathematics that you have seen so far in your studies, the

basic objects are sets. For example, you consider functions that go

from one set (the domain) to another set (the codomain). Indeed, in

many subjects, the sets involved are so obvious, we often don’t even

mention them. In topology, the situation is more abstract. Here our

basic objects are sets of subsets. This is one level of abstraction higher

than what you are accustomed too. Once you get used to the idea,

you shouldn’t have any problem. But it will take a certain amount of

effort on your part. You will need to do enough exercises, and think

about the material deeply enough, until you become comfortable work-

ing with this system of ideas. In Chapter 1 we begin by going over the

results and notations in set theory that you will need throughout the

rest of this subject.

Careful definitions of the fundamental concepts of continuity and

convergence are usually first seen for real functions, then treated in the

setting of normed vector spaces and later in metric spaces. In Chap-

ter 2 we revise the idea of metric spaces and their relation to normed

vector spaces. Our study of metric spaces leads us the important con-

cepts of an open and closed sets. We see how to regard any subset

of a metric space as a metric space in its own right. We also revise

the important concepts of continuity of functions, limits of sequences,

Cauchy sequences, completeness and the contraction map theorem.

An examination of the most general properties of open sets in metric

spaces leads to a way of generalizing beyond metric spaces. In Chapter

vii



viii INTRODUCTION

3 we see that it is possible to dispense with metrics altogether and

define sets of open sets with sensible properties. This enables us to

shift to the more general concept of a topological space. In this more

abstract setting, we see that the metric definitions of continuity and

convergence are just special cases of more general definitions. We also

see how any subset of a topological space can be viewed as a topological

space in its own right.

Topological concepts enable us to characterize many special and im-

portant features of spaces and their subsets. In Chapter 4 we char-

acterise the property of “being in one piece”. This property is called

connectedness. We also consider the related property of path connect-

edness which means that we can get from any point in the space to any

other point in the space by travelling along a continuous path. Another

very important property of subsets of spaces, compactness, is discussed

in Chapter 5. Sets with this property, although not necessarily finite,

share many of the “nice” properties of finite sets. In Section 5.3 we

consider a method for constructing closed sets which is useful in many

applications and is related to the important idea of a dense set.

Of the various ideas of equivalence in topology homeomorphism is

the most important, fulfilling a role analogous to that of isomorphism

in algebra. We study homeomorphisms in Chapter 6 and consider a

standard way of obtaining new spaces by collapsing parts of old ones.

In metric spaces, the open balls are the most elementary type of open

set. All other open sets are defined in terms of them. We may think of

the open balls as the “basic” open sets in a metric space from which all

of the other open sets are built up. This idea is generalized in Chapter

7 to give a concept of basic open sets that applies to all topological

spaces. The development of the idea of basic open sets then enables us

to conclude by showing in the latter part of the chapter how one turns

the Cartesian product of two topological spaces into a topological space

and we investigate the properties of the product spaces constructed in

this way.

You will notice that there are very few proofs in these notes. MAT3TA

is organised in such a way that proofs of a large representative sample

of the theoretical results are done in lectures, assignments and practice

classes. The few proofs that exist are intended as examples, but you

will be given many more worked examples of proofs in lectures and in

the solution sheets for the assignments and tutorials.
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These notes include two appendices, which are not examinable, but

contain important related material. The first appendix is a formal

summary of basic proof techniques. You might wish to return to this

appendix from time to time during the semester. The second appen-

dix deals with the definition of real numbers. Up until this point in

your mathematical career, you have most likely taken the idea of a

real number line for granted. Since the real numbers are of crucial im-

portance throughout much of modern mathematics, there is reason to

reflect at some point on their properties and construction. Appendix

B sketches one of the many possible ways of constructing the real num-

bers beginning from elementary ideas about sets and maps. Although

it isn’t examinable, you might like to read this appendix either during

the course, or after it has concluded.

In this subject, we will use two basic properties of real numbers that

are established in Appendix B. They are the Archimedean property

and the Least Upper Bound property:

Theorem 0.1 (Archimedean property (See Theorem B.15)). For all

real numbers m, there is an integer k with m < k.

Theorem 0.2 (Least Upper Bound (See Theorem B.16)). Any non

empty subset of R which is bounded above has a least upper bound.

One final word of advice. Don’t be put off by the level of abstrac-

tion of this subject; it is a central characteristic of modern mathemat-

ics. There was a revolution in mathematics about a century ago, at

roughly the same time physics went through the revolution of relativ-

ity and quantum mechanics. Since then, mathematics has been signif-

icantly more abstract, and rigorous. In your studies up until second

year, almost all the mathematics you’ve studied was developed prior to

the twentieth Century, and in fact, much of it was nineteenth Century

mathematics. With topology, you are stepping straight into the twen-

tieth Century. For some background to this historical development, I

enthusiastically recommend:

A Revolution in Mathematics? What Really Happened a Century Ago

and Why It Matters Today, by Frank Quinn, Notices of the American

Mathematical Society, January 2012, Volume 59, Issue 01.

Available on line at:

http://www.ams.org/notices/201201/rtx120100031p.pdf
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CHAPTER 1

Ready, Set, Go!

This chapter contains the definitions and results from set theory

which you will need in order to make sense of the set constructions

which arise in topology and analysis. This material is essential and as

you progress through the course you will almost certainly need to refer

to it often. There is a discussion of the topic of countability of sets in

Appendix B.

1



2 1. READY, SET, GO!

1.1. Sets of Sets Etcetera ...

We will often need to discuss sets of subsets of a given set A. If

the set of sets contains a small number of sets we can write down all

members in a list, say U1, U2, U3, U4. Where we have a countably infinite

set of sets (see Definition B.3.2), we could write W1,W2, . . . ,Wn, . . . .

However, for uncountably many sets, we cannot write them in a list.

To avoid such problems we introduce notation which covers all cases.

Definition 1.1.1 (Indexed Sets of Sets). Let A be a set. We say that

{Ui : i ∈ I} is an indexed set of subsets of A iff Ui ⊆ A for all i ∈ I.

The set I is called the index set for the set of sets.

In the above examples I = {1, 2, 3, 4} or I = N. In these cases, we

could write the set of sets as

{Un : n ∈ {1, 2, 3, 4}} and {Wn : n ∈ N}
respectively. The first of these examples is a finite set of sets. Notice

that this is not affected by whether the sets Un belonging to the set of

sets are themselves finite or infinite. For example

{(0, n) : n ∈ {1, 2, 3, 4}}
is a finite set of sets even though each of the intervals in the set of sets

is infinite. Where we don’t know the cardinality of the index set I, we

must use the general form {Ui : i ∈ I}.
We can extend familiar ideas about intersection and union to arbi-

trary indexed set of sets.

Definition 1.1.2 (Unions and Intersections). Let {Ui : i ∈ I} be a set

of subsets of a set A. We define union and intersection as follows.⋃
i∈I

Ui = {x : x ∈ Ui for some i ∈ I} (Union)⋂
i∈I

Ui = {x : x ∈ Ui for all i ∈ I} (Intersection).

The following lemma generalizes a familiar distributive law of set

theory.

Lemma 1.1. Let {Ui : i ∈ I} be a set of subsets of a set A and let

B ⊆ A. Then [⋃
i∈I

Ui

]
∩B =

⋃
i∈I

(Ui ∩B).
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Definition 1.1.3 (Complements). Suppose A and B are sets. Then

the complement of B in A is given by

A \B = {x ∈ A : x /∈ B}.

If A is our universal set and B ⊆ A it is acceptable to denote A \B
by the commonly used expression B′.

For reasons which will become clear from Section 5.3,

it is not acceptable to denote A \ B by B in this

course.

Theorem 1.1 (De Morgan’s Laws). Let {Ui : i ∈ I} be a set of subsets

of a set A. Then

A \
(⋃
i∈I

Ui

)
=
⋂
i∈I

(A \ Ui) and A \
(⋂
i∈I

Ui

)
=
⋃
i∈I

(A \ Ui).

These laws should be familiar to you (at least for finitely many sets).

They are not difficult to remember once you notice that complementa-

tion converts intersections into unions and unions into intersections.

Definition 1.1.4 (Cartesian Product). Let A and B be sets. Then the

Cartesian product of A and B is defined as follows.

A×B = {(x, y) : x ∈ A and y ∈ B}

If U ⊆ A and V ⊆ B then U × V is just the subset

{(x, y) : x ∈ U and y ∈ V }

of A × B. If either U or V is empty then so is U × V . The next

lemma says that an intersection of Cartesian products is equal to the

Cartesian product of the intersections.

Lemma 1.2. Let A and B be sets. If S, T ⊆ A and X, Y ⊆ B then

(S ×X) ∩ (T × Y ) = (S ∩ T )× (X ∩ Y ).

The diagram illustrates this idea in for products of

pairs intervals. You might like to check whether an

analogous result holds for unions of Cartesian prod-

ucts. A similar diagram will help.
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The use of Cartesian products of index sets enables us to express a

more general distributive law for sets than the one we gave in Lemma

1.1.

Theorem 1.2 (Generalized Distributive Law). Let {Ui : i ∈ I} and

{Vj : j ∈ J} be families of subsets of a set A. Then[⋃
i∈I

Ui

]
∩
[⋃
j∈J

Vj

]
=

⋃
(i,j)∈(I×J)

(Ui ∩ Vj).

Definition 1.1.5 (Power Set). Let A be a set. The power set of A is

the set of all subsets of A and is denoted P(A).

Don’t forget that P(A) always includes both ∅ and A itself. If A is

finite with n elements then P(A) has 2n elements. For this reason the

power set is sometimes denoted 2A. The definition of P(A) still makes

perfectly good sense when A is infinite.

1.2. We’d Be Lost Without Maps

In topology the way in which sets behave under maps is of the utmost

importance. If you do not understand the following two definitions, you

will be hopelessly lost. Learn them now!

Definition 1.2.1 (Image of a Set). Let A and B be sets, let f : A→ B

and let U ⊆ A. The image of U under f is given by

f(U) = {f(x) : x ∈ U} = {y ∈ B : y = f(x) for some x ∈ U}.

The image f(U) contains the images of all

points in U . Note that f(U) is a subset of

the codomain of f .

A B
f

U
    f(U)

Definition 1.2.2 (Preimage of a Set). Let A and B be sets, let f :

A→ B and let V ⊆ B. The preimage of V under f is given by

f−1(V ) = {x ∈ A : f(x) ∈ V }.

The preimage f−1(V ) contains all points

in A that map into V . Note that f−1(V )

is a subset of the domain of f .

f

V    f
−1

(V )

A B
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Warning! As the definition of f−1(V ) only involves the map f we

do not require f−1 to exist as a map, that is, we do not require f to be

one to one. Thus f−1(V ) is most definitely not the image of V under

the inverse of f . For many of the maps we study, f−1 will not exist.

Just to confuse matters, f−1(V ) is sometimes called the inverse image

of V , but it may not be the image of V under the inverse f−1 because

f−1 may not exist! Where f−1 does exist, however, the preimage of

V is equal to the image of V under f−1. Don’t let this make you

complacent.

Lemma 1.3. Let A and B be sets, let f : A→ B, let {Ui : i ∈ I} and

{Vj : j ∈ J} be indexed sets of subsets of A and B respectively. Then

(a) f−1
(⋃

j∈J Vj

)
=
⋃
j∈J f

−1(Vj) (b) f−1
(⋂

j∈J Vj

)
=
⋂
j∈J f

−1(Vj)

(c) f
(⋃

i∈I Ui
)

=
⋃
i∈I f(Ui) (d) f

(⋂
i∈I Ui

)
⊆ ⋂i∈I f(Ui)

(e) If f is one-to-one then f
(⋂

i∈I Ui
)

=
⋂
i∈I f(Ui).

Proof. See Exercise A.1.9 for parts (b), (c) and (e).

We give proofs for parts (a) and (d).

One may give simple examples to show that equality need not hold

in (d) unless f is one-to-one.

(a) x ∈ f−1
(⋃
j∈J

Vj

)
⇔ f(x) ∈

⋃
j∈J

Vj ⇔ f(x) ∈ Vj (∃j ∈ J)

⇔ x ∈ f−1(Vj) (∃j ∈ J)

⇔ x ∈
⋃
j∈J

f−1(Vj)

(d) y ∈ f
(⋂
i∈I

Ui

)
⇒ (∃x ∈

⋂
i∈I

Ui) y = f(x)

⇒ (∃x ∈ A)(∀i ∈ I) x ∈ Ui and y = f(x)

⇒ (∀i ∈ I) y ∈ f(Ui)⇒ y ∈
⋂
i∈I

f(Ui)

�



6 1. READY, SET, GO!

Recall from first year:

Definition 1.2.3 (One-to-one and onto Functions). Let A and B be

sets, and let f : A→ B.

(a) f : A → B is said to be one-to-one (or injective, or an injec-

tion) iff

f(x) = f(y) =⇒ x = y,

for all x, y ∈ A.

(b) f : A → B is said to be onto (or surjective, or a surjection)

iff

∀y ∈ B, ∃x ∈ A such that f(x) = y.

(c) f : A→ B is said to be bijective (or a bijection) iff f is both

one-to-one and onto.

Lemma 1.4. Let A and B be sets, let f : A → B, let U, V ⊆ A and

let X, Y ⊆ B. Then

(a) U ⊆ V ⇒ f(U) ⊆ f(V ) (b) X ⊆ Y ⇒ f−1(X) ⊆ f−1(Y )

(c) U ⊆ f−1(f(U)) (d) If f is one-to-one then U = f−1(f(U))

(e) f(f−1(X)) ⊆ X (f) If f is onto then f(f−1(X)) = X

(g) f−1(B \X) = A \ f−1(X). (h) f−1(f(A)) = A

(i) If f is one-to-one then f(U \ V ) = f(U) \ f(V ).

One may give simple examples to show that equality need not hold

in (c) unless f is one-to-one and equality need not hold in (e) unless f

is onto.

Definition 1.2.4 (Restriction of a map). Let A and B be sets, let

f : A→ B and let X ⊆ A. The restriction f |X : X → B of f to X is

the map with domain X which agrees with f at every point of X.

The definition just says that f |X is the unique map with domain X

satisfying f |X(x) = f(x) for every x ∈ X.

1.3. When Everything Falls Apart

A topology is a set of subsets, as we will see in Chapter 3. Another

important set of subsets in mathematics is a partition. Topologies

are not partitions; indeed, topologies and partitions are very different

things. But we will encounter partitions in this course, so it’s good to

clarify exactly what they are.
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Definition 1.3.1 (Partition). Let S be a set. A set P of non-empty

subsets of S is called a partition of S provided

(i) (∀x ∈ S)(∃B ∈ P) x ∈ B,

(ii) (∀B,C ∈ P) B 6= C ⇒ B ∩ C = ∅.

A notion very closely related to partitions is that of equivalence re-

lations. Recall that a relation ∼ on a set A is an equivalence relation

if the following three conditions are satisfied:

(a) x ∼ x, for all x ∈ A (reflexive).

(b) x ∼ y ⇐⇒ y ∼ x, for all x, y ∈ A (symmetric).

(c) x ∼ y, y ∼ z =⇒ x ∼ z, for all x, y, z ∈ A (transitive).

Given an equivalence relation and x ∈ A, the equivalence class [x] is

the set [x] := {y ∈ A : y ∼ x}. Clearly, the set of equivalence classes

forms a partition of A. Conversely, given a partition P of A, there is a

corresponding equivalence relation: we set x ∼ y if x, y belong to the

same part of P.

Exercises for Section 1.3

1.3.1. Prove carefully that the equivalence classes induced by an equiv-

alence relation always form a partition.





CHAPTER 2

In the Distance

In R, or more generally Rn, the elementary definitions of continuity

and limits use the norm:

‖(x1, . . . , xn)‖ =
√
x21 + · · ·+ x2n.

The distance between points x, y is given by ‖x− y‖. This is actually

a serious limitation. Although they really need only the geometrical

notion of distance between points, the way in which we define distance

in a vector space brings into play the algebraic structure of the vector

space because the definition of the distance ‖x−y‖ between x and y uses

vector subtraction. For this reason, most analysis courses introduce the

idea of a metric space. The strategy is quite simple. We just forget

about the algebraic structure and take the distance between two points

by means of a distance function or metric as the starting point of our

theory.

This shift to a metric space approach allows us to do analysis on

sets which are not vector spaces. In particular, we can do analysis

on subsets of vector spaces which are not subspaces because they are

not closed under the algebraic operations of the vector space. Most

garden variety subsets of vector spaces are not vector subspaces. Even

in familiar vector spaces like Rn, many useful sets on which we would

like to do analysis are not vector subspaces. For example, although

spheres in R3 or circles in R2 are not vector subspaces, but the idea

of a continuous map with one of these sets as its domain still makes

sense intuitively speaking. You may like to refresh your memory at this

point as to precisely which subsets of R2 and R3 are vector subspaces.

Concepts like continuity and limits can be expressed entirely in terms

of open balls. The definition of open balls can in turn be expressed in

terms of distances between points. Similarly, the definitions of Cauchy

sequences, completeness and contraction maps are expressed entirely

in terms of distances between points. Once we have a metric, therefore,

all of these key ideas in analysis make sense.

9
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2.1. Going the Distance

Since metrics are meant to capture the idea of the “distance” between

points, they need to have some features we feel any sensible concept of

“distance” should have:

• Distance between points should be non-negative and zero pre-

cisely when the two points are equal.

• It shouldn’t matter in which “direction” we measure the dis-

tance.

• It should generally be further to go from one point to another

via a third point.

As it turns out, these three conditions

are enough to give a useful definition

of distance, so we express them in a

formal definition. •

•

•
x y

z

d ( x , y )

d ( x , z )
d ( y , z )

Definition 2.1.1 (Metric). Let A be a set and suppose d : A×A→ R
is such that for all x, y, z ∈ A

(M1) d(x, y) ≥ 0 and d(x, y) = 0 iff x = y. (Positivity)

(M2) d(x, y) = d(y, x) (Symmetry)

(M3) d(x, z) ≤ d(x, y) + d(y, z). (Triangle Inequality)

Then d is called a metric on A and the pair (A, d) is called a metric

space.

Although we refer to d as a metric on A for the sake of convenience,

strictly speaking a metric function is really defined on the Cartesian

product A × A. It is possible to have different metrics defined on the

same set A. This is why we denote a metric space by the pair (A, d)

as this notation tells us which metric is to be considered. For example,

if p is a different metric (i.e. p 6= d) on A then (A, d) and (A, p) are

different metric spaces.

Every vector space can be viewed as a metric space in a very natural

way. We simply take the usual definition of the distance between two

points in the vector space as our concept of distance.

Definition 2.1.2 (Metric of a Vector Space). Let ‖ · ‖ be a norm on

the vector space V . Putting d(x, y) = ‖x − y‖ for all x, y ∈ V defines

a metric on V . We call this the natural metric on (V, ‖ · ‖).
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Of course, in order to justify this definition, we need to check that all

three conditions of Definition 1.1 hold (see Exercise 2.1.2). It is very

important not to confuse metrics and norms - they are related but are

not the same! Norms are always defined on vector spaces while metrics

may be defined on sets which have no vector structure. As we will see

in section four, subsets of vector spaces which are not vector subspaces

provide us with many examples of metric spaces.

Definition 2.1.3 (Euclidean metric). The Euclidean metric on Rn is

just the natural metric given by the Euclidean norm on Rn. Thus, the

Euclidean metric is defined by:

d(x, y) = ‖x− y‖ =
√

(x1 − y1)2 + · · ·+ (xn − yn)2

where x = (x1, . . . , xn) and y = (y1, . . . , yn).

Convention. We will always suppose Rn has this metric unless

specifically stated otherwise. This will give us many examples of metric

spaces when we consider subspaces in section four.

So far, there have been no surprises. But it’s time to prepare yourself

for a shock! Now we are going to consider a metric which at first sight

seems far from natural, perhaps even silly.

Definition 2.1.4 (Discrete metric). Let A be any set. Then putting

d(x, y) = 1 if x 6= y

d(x, x) = 0

for all x, y ∈ A gives a metric on A, called the discrete metric on A.

As with the natural metric on a vector space, we should really verify

the metric properties for d to make sure the definition is justified (see

exercises). Let us consider two different metrics on the same set - one

familiar and the other rather exotic to say the least! Suppose d is the

Euclidean metric on R2 and let p be the discrete metric on R2.

d(x, y) =
√

(x1 − y1)2 + (x2 − y2)2.
p(x, y) = 1 if x 6= y. p(x, x) = 0.

Note that we must use different symbols as we have two different met-

rics in the same context. [We normally use d to stand for any metric

if there is no danger of confusion. If another symbol is required then p

will be our next choice].
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The metric d gives us the usual distance measure in the plane while

p tells us that any two distinct points in the plane are exactly one unit

of distance apart! Clearly “d-distance” and “p-distance” are different

although both p and d are legitimate distance measuring functions.

You may need to “adjust” your intuitive ideas about distance to in-

clude non-Euclidean metrics like p. As we develop the theory of metric

spaces you should realize that we are including non-Euclidean metrics

although in the majority of situations your intuitions about the usual

notions of distance should not lead you too far astray.

Exercises for Section 2.1

2.1.1. Let A be a set. Prove that the discrete metric d on A really is

a metric.

2.1.2. Let ‖ · ‖ be a norm on a vector space V and define d(x, y) =

‖x − y‖ for all x, y ∈ V . Prove that d is a metric by showing that it

satisfies the three properties of metrics given in Definition 2.1.1. You

may assume all the usual properties of a norm.

2.2. Having a Ball

Balls are a very useful and important type of subset in any metric

spaces. We will see that they underpin the definition of the topology

of a metric space and are therefore fundamental to our study of metric

spaces.

Definition 2.2.1 (Open and Closed Balls). Let (A, d) be any metric

space and suppose a ∈ A and r > 0. We define the open and closed

balls with centre a and radius r, as follows:

Br(a) = {x ∈ A : d(x, a) < r} (Open ball)

Br(a) = {x ∈ A : d(x, a) ≤ r} (Closed ball)

It is useful to give a name to those sets

which do not “wander off towards in-

finity” anywhere, i.e., those which are

contained in some “small” piece of a

metric space. If a “small” piece is spec-

ified by radius with respect to the met-

ric we are using, this amounts to the

following definition.

X
a bounded set

    Br(a)
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The following elementary lemma is often useful.

Lemma 2.1 (Union of Open Balls). Every metric space (A, d) is a

union of open balls. That is, for each x ∈ A we can choose rx > 0 so

that A =
⋃
x∈ABrx(x).

Proof. For each x ∈ A, choose rx > 0 randomly (let rx = 1 if you

like). By definition Brx(x) ⊆ A for each x ∈ A, so
⋃
x∈ABrx(x) ⊆ A.

On the other hand, for each x ∈ A, we have x ∈ Brx(x), so A ⊆⋃
x∈ABrx(x). Thus A =

⋃
x∈ABrx(x). �

Definition 2.2.2 (Bounded Set). Let (A, d) be a metric space. We say

that X ⊆ A is a bounded set iff

(∃a ∈ A)(∃r > 0) X ⊆ Br(a)

The triangle inequality can be used to show that a bounded set may

be contained in a ball with any given centre a although the radius r

will generally depend on the centre point chosen (see Exercise 2.2.1).

Exercises for Section 2.2

2.2.1. Let (A, d) be a metric space, let a ∈ A and let X ⊆ A be a

bounded set. Show that there is an r > 0 such that X ⊆ Br(a).

2.2.2. Let (A, d) be a metric space and suppose a, b ∈ A with a 6= b.

Show that Br(a) ∩Br(b) = ∅ where r = 1
2
d(a, b).

Hint: Argue by contradiction. Use the triangle inequality.

2.2.3.

(a) Prove that if C and D are bounded sets in a metric space (A, d)

then C ∪D is bounded.

Hint: Draw pictures using the definition of boundedness

of C and D.

(b) Use induction to show that the union of finitely many bounded

sets is bounded.

Hint: Look ahead to the proof of Lemma 3.1

2.2.4. (Every Ball Contains a Box Theorem) Let (x, y) ∈ R2 and

let r > 0. Show that there is an s > 0 such that

(x− s, x+ s)× (y − s, y + s) ⊆ Br((x, y)).
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•
r

(x,y)

x - s x + s

y - s

y + s

2.2.5. Prove carefully that using open balls in 2.2.2 would have given

an equivalent definition of boundedness.

Hint: You need to show that a set which is bounded by Definition

2.2.2 is also bounded by the open ball version of definition and vice

versa.

2.2.6. Let (A, d) be a metric space and suppose X is a bounded subset

of A. We define the diameter of X as follows:

dia(X) = sup{d(x, y) : x, y ∈ X}

(a) Prove that dia(Br(a)) ≤ 2r.

(b) Find an example where dia(Br(a)) = r and r > 0. Think

about this! Could it happen in R2 with the Euclidean metric?

(c) Why do we restrict the definition of the diameter of a set to

bounded sets? Justify your answer.

2.3. An Open and Closed Case

Without doubt, the most important subsets of a metric space are

the open and closed sets. Open sets are the most important concept in

point set topology. Intuitively, these sets are characterized as follows.

The open sets are those containing none of their boundary points, while

the closed sets are those containing all of their boundary points.

U is open as it contains no boundary or “edge”

points.

A

U
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C is closed as it contains all its boundary

points. The boundary of C is contained in

C.

A

C

Some sets are neither open nor closed. Do not

forget this!! X is neither open or closed as

it contains some but not all of its boundary

points.

A

X

Your intuitive ideas about balls should suggest that open and closed

balls are indeed open and closed sets respectively. Moreover, a glance

at the pictures should suggest that if U is open then all boundary

points must be in A\U . Hence U open ⇒ A\U closed. Similarly if V

is closed then A\V can have no boundary points as they must all be

in V . Hence V closed ⇒ A\V open.

The above discussion is intended give you a feeling for the important

concepts of open and closed sets. However, we can use these intuitive

ideas as the definition because they use the idea of a “boundary”,

and we haven’t formally defined this yet. Instead, the approach that

has become universally accepted is to give a definition of “open” that

doesn’t use the idea of boundary and later (in Chapter 5.3) define the

boundary using our notion of open set. Here is the key definition:

Definition 2.3.1 (Open set). Let (A, d) be a metric space. We say

that U ⊆ A is an open set iff

(∀a ∈ U)(∃r > 0) Br(a) ⊆ U

That is, U is open iff around each point a ∈ U we can construct a ball

Br(a) that lies entirely inside U . In a sense an open set “surrounds”

all of its points like an open ball surrounds its centre.

Note that it would be impossible to construct

such a ball around any boundary point of U .

Hence if U is open according to the above def-

inition then it cannot contain any boundary

points. This agrees with our previous intu-

itive discussion.

A

U

    Br(a)

•
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The definition of closed sets follows on from the definition of open

sets and is motivated by our introductory discussion concerning the

complements of open and closed sets.

Definition 2.3.2 (Closed set). Let (A, d) be a metric space. We say

that V ⊆ A is a closed set iff A\V is an open set.

The following theorems seem intuitively obvious, but actually require

proof.

Theorem 2.1 (Open Balls). All open balls are open sets.

Proof. See Exercise 2.3.4 �

Theorem 2.2 (Closed Balls). All closed balls are closed sets.

Proof. See Exercise 2.3.6 �

The properties of open sets given in the following theorem can be

proved using the basic definition given above. Their importance cannot

be overstated and should become clear in the next chapter. In order

to understand them you will need to be familiar with the definition of

a union of an indexed set of sets.

Proof. See Exercise 2.3.2. �

Theorem 2.3 (Open in Metric Space). In any metric space (A, d) we

have

(OS1) A and ∅ are open sets.

(OS2) If {Ui : i ∈ I} is any set of open sets then
⋃
i∈I

Ui is open.

(OS3) If U and V are open sets then U ∩ V is open.

Proof. See Exercise 2.3.3. �

Notice that property (OS2) holds for all sets of open sets (even infi-

nite sets) but property (OS3) is only imposed for pairs of open sets.

This difference is vital and should not be forgotten!

Finally, just in case you don’t yet believe that the discrete metric is

a bit strange, here’s a lemma to convince you:
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Lemma 2.2. Let (A, d) be a discrete metric space. Then all subsets of

A are both open and closed.

Exercises for Section 2.3

2.3.1. Let Un be the open interval (− 1
n
, 1
n
) in R for every n ∈ N.

(a) Why is each Un open?

(b) Prove that
⋂
n∈N

Un is not open in R. Argue by contradiction.

(c) Does (T3) in 2.3 apply to infinite intersections of open sets?

2.3.2. Prove Lemma 2.2 which states that every subset of a discrete

metric space is both open and closed!

Hint: Prove open result first. For all a ∈ A what is B 1
2
(a)?

2.3.3. In this exercise, we prove the basic properties of open sets as

given in 2.3.

(a) Prove ∅ is open by rewriting the definition of an open set as

an if-then statement.

(b) Prove A is open by showing that any open ball in (A, d) is a

subset of A by definition.

(c) Read Definition 1.1.2 carefully and then prove property (T2).

(d) The diagram shows a pair of open

sets U and V with a point x ∈ U∩V
and a pair of open balls of radius

s and t both centred at x and con-

tained in U and V respectively. Ex-

plain why one of the balls must be

contained in the other and hence in

U ∩ V . Use these ideas to prove

property (T3).

t V

U

x

s

2.3.4. (a) Let (A, d) be a metric space and suppose x ∈ A and

s > 0. Given any a ∈ Bs(x) find a value for r > 0 such that

Br(a) ⊆ Bs(x).
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You should guess a value for r in terms of s

and d(x, a) from the diagram. Prove your

guess works!

x
r

a
s

Hint: Let y ∈ Br(a) and prove y ∈ Bs(x) using the triangle

inequality.

(b) Which theorem have we proved in part (a)?

2.3.5. Let R2 have the Euclidean metric. Give a specific example of a

subset of R2 that is neither open nor closed. Define the set carefully,

illustrate with a diagram and give a brief explanation.

2.3.6. Let (A, d) be a metric space and suppose x ∈ A and s > 0.

(a) Given a ∈ A\Bs(x), find an r > 0 such that Br(a) ⊆ A\Bs(x).

Prove that your choice for r works.

(b) Which theorem have we proved in part (a)?

2.3.7. Use the least upper bound and the greatest lower bound prop-

erties of R to prove that a closed bounded subset C of R contains both

a maximum and minimum element.

Hint: Suppose y = sup(C) /∈ C and obtain a contradiction. Use a

similar technique for the minimum.

2.3.8. Prove that all “open intervals” are indeed open sets in the Eu-

clidean topology on R. We use the following notation for open intervals.

Let a, b ∈ R with a < b.

(−∞, a) = {x : x < a}, (a,∞) = {x : x > a}, (a, b) = {x : a < x < b}

2.3.9. (a) Use the fact that |x| =
√
x2 for all x ∈ R to prove that

the following projection inequalities hold for all a, b ∈ R

|a| ≤
√
a2 + b2 |b| ≤

√
a2 + b2.

(b) Use part (a) to show that if a, b, c, d ∈ R with a < b and c < d

then

(a, b)× (c, d) = {(x, y) ∈ R2 : x ∈ (a, b), y ∈ (c, d)}

is an open subset of R2.

Hint: Draw a picture!
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2.3.10 (*). Use Theorem 1.1 (De Morgan’s Laws ) and Theorem 2.3

to prove that, in a metric space, the intersection of any set (finite or

infinite) of closed sets is closed.

2.4. Spaces Within Spaces

So far we have a fairly limited range of examples of “useful” metric

spaces - vector spaces. In the preamble to this chapter, we noted the

need for arrangements which would let us do analysis on subsets of

vector spaces which were not necessarily vector subspaces. We are now

in a position to achieve this.

Vector subspaces are very special subsets of vector spaces. Their

study is a cornerstone of linear algebra and the theory of vector spaces.

Similarly, the study of subgroups is a major part of group theory. The

essential idea is that a vector subspace (respectively subgroup) is a

subset which is a vector space (respectively group) in its own right. In

topology and analysis, subspaces are also very important and provide

most of the “useful” examples. In this case, however, they are not a

special class of subsets at all. Indeed, it is easy to see that every subset

of a metric space is a subspace.

Suppose X is a subset of some metric space (A, d). Then d is also a

metric on X since it satisfies all three conditions of 2.1.1 (you should

check this !). Thus, for no extra effort we have a new metric space

(X, d). Strictly speaking, we should refer to this new metric on X as

the restriction of d : A × A → R to the subset X ×X of A × A. But

life is too short for such pedantry and there is usually no confusion in

practice.

The number of examples of metric spaces has just exploded dramati-

cally. Every subset of Rn, no matter how strange in shape and structure

is a metric space with Euclidean metric. Spheres, circles, curves, balls,

tori and many other useful subsets of Rn are now metric spaces and

hence topological spaces also. All of the strange and interesting subsets

of Rn known as “fractals” are metric spaces. Every subset of a vector

space whose elements are functions is a metric space. The list goes on.

Now we need some notation. Let (X, d) be a subspace of (A, d). For

x ∈ X and r > 0, we will denote the open ball of radius r about x in

(X, d) by BX
r (x) and we will denote the open ball of radius r about
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x in (A, d) by BA
r (x). The following elementary lemma is useful to

remember.

Lemma 2.3 (Open balls in Metric Subspaces). Let (X, d) be a subspace

of (A, d). Let x ∈ X and r > 0. Then BX
r (x) = X ∩BA

r (x).

Proof. We have

BX
r (x) = {y ∈ X : d(x, y) < r}

= {y ∈ A : y ∈ X} ∩ {y ∈ A : d(x, y) < r}
= X ∩BA

r (x).

�

The next theorem tells us that the open sets in a subspace are pre-

cisely those obtained by intersecting open subsets of the “big” space

with the subspace itself.

Theorem 2.4 (Open sets in Metric Subspaces). Let (X, d) be a sub-

space of (A, d). Then V is open in (X, d) if and only if V = X ∩U for

some open subset U of (A, d).

This theorem is illustrated in the

diagram in the case where A = R2

and X is the unit circle.
U

X

Open in 2R

Open in X

Proof. First suppose that V be open in X. Then for every x ∈ V
there is an rx > 0 such that BX

rx(x) ⊆ V . The set

U =
⋃
x∈U

BA
rx(x)

is open in A, by Theorem 2.3 (OS2). Furthermore,

V =
⋃
x∈U

BX
rx(x) (by Lemma 2.1)

=
⋃
x∈U

X ∩BA
r (x) (by Lemma 2.3)

= X ∩
⋃
x∈U

BA
r (x) (by Lemma 1.1)

= X ∩ U (by definition of U).
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Conversely, suppose that U be open in A, let V = X ∩ U and let

x ∈ V . Since U is open in A, there is an r > 0 such that BA
r (x) ⊆ U .

Thus X ∩ BA
r (x) ⊆ X ∩ U . Hence by Lemma 2.3, BX

r (x) ⊆ V . Thus

V is open in X. �

Many important metric spaces are in fact subspaces ofvector spaces.

Note that subsets of a vector space may not be vector subspaces so

it makes no sense (in general) to use vector operations on them. For

example, if (A, d) is a metric subspace of a vector space and x, y ∈ A
then x + y may not be an element of A. Similarly comments apply

to scalar multiplication. Following from our convention for Rn we will

always suppose that any subspace of Rn has the Euclidean metric unless

otherwise stated.

Exercises for Section 2.4

2.4.1.

(a) Sketch the following subsets of (R2, d) where d is the Euclidean

metric.

B1((0, 0)) B1((0, 0)) B2((0, 0)) B2((0, 0)) B2((1, 1))

(b) Consider the metric space (A, d) where

A = [−1, 1]× [−1, 1] = {(x, y) ∈ R2 : −1 ≤ x ≤ 1 and − 1 ≤ y ≤ 1}
Sketch the balls given in part (a) in this case.

2.5. Continuing on Our Way

Let (A, d) and (B, p) be metric spaces and let f : A → B. Here is

the “geometric” definition of the idea that f is continuous at a point

a ∈ X:

(C1) (∀ε > 0)(∃δ > 0) f(Bδ(a)) ⊆ Bε(f(a)).

•
•fa
f(a)

    Bε(f(a))

    f(Bδ(a))    Bδ (a)

Substituting the definition of the image set f(Bδ(a)) into (C1) gives

(C2) (∀ε > 0)(∃δ > 0)(∀x ∈ A) x ∈ Bδ(a) =⇒ f(x) ∈ Bε(f(a)).

Spelling out the set inclusions in (C2) in terms of the metrics gives
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(C3) (∀ε > 0)(∃δ > 0)(∀x ∈ A) d(x, a) < δ =⇒ p(f(x), f(a)) <

ε.

The equivalent definitions (C1), (C2) and (C3) all make sense for

functions between metric spaces. In the next chapter we will need an

equivalent expression to these that involves only open sets, making

no reference to the metrics or to balls. There is a simple strategy

for converting definitions involving open balls into definitions involving

only open sets. Just replace open balls centred about a point x with

arbitrary open sets containing x and see if the definition still makes

sense and has the intended effect. Applying this strategy to (C1) gives:

(C4) For every open set V containing f(a) there is an open set U

containing a such that f(U) ⊆ V .

•
•

V

U

f
a

f(a)

f(U)

This definition turns out to be equivalent to (C1), (C2) and (C3),

which means that (C4) is just as suitable for a definition of continuity

as (C1), (C2) and (C3). We record this fact as a lemma.

Lemma 2.4. Let (A, d) and (B, p) be metric spaces, let f : A → B

and let a ∈ A. Then the following statements are all equivalent

(C1) (∀ε > 0)(∃δ > 0) f(Bδ(a)) ⊆ Bε(f(a))

(C2) (∀ε > 0)(∃δ > 0)(∀x ∈ A) x ∈ Bδ(a) =⇒ f(x) ∈ Bε(f(a)).

(C3) (∀ε > 0)(∃δ > 0)(∀x ∈ A) d(x, a) < δ =⇒ p(f(x), f(a)) < ε.

(C4) If V is an open set and f(a) ∈ V , then there is an open set

U containing a such that f(U) ⊆ V .

Proof. We will prove (C1) ⇐⇒ (C4) and leave the other equiv-

alences to Exercise 2.5.2.

First assume (C1) and let V be an open set with f(a) ∈ V . So there

exists an open ball Bε(f(a)) in B with Bε(f(a)) ⊆ V . So by (C1), there

exists δ > 0 such that f(Bδ(a)) ⊆ Bε(f(a)) ⊆ V . The set U = Bδ(a)

is the required open set.

Conversely, assume (C4) and let ε > 0. Let V = Bε(f(a)). By (C4),

there is an open set U containing a such that f(U) ⊆ Bε(f(a)). Since
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U is open in A, there exists δ > 0 such that Bδ(a) ⊆ U . Thus

f(Bδ(a)) ⊆ f(U) ⊆ Bε(f(a)),

as required. �

Exercises for Section 2.5

2.5.1. Give a specific example of a map from R to R which is not con-

tinuous (give R the Euclidean metric). Show the map is not continuous

by finding an open set V for which (C4) fails.

2.5.2. Prove Lemma 2.4.

Hint: The discussion at the beginning of this section suggests why

(C1) ⇔ (C2). Use Theorem 2.1 to prove (C3) ⇒ (C1). To prove

(C1) ⇒ (C3) and (C3) ⇒ (C1) you will need to use the definition

of an open set in a metric space.

2.5.3. Let f : R→ R be continuous. The graph of f is given by

G(f) = {(x, f(x)) : x ∈ R}.
Prove that G(f) is closed in R2.





CHAPTER 3

Topologically Speaking

As we continue, it will become clear that many theorems can be

proved and many definitions can be expressed using only the concept

of an open set. Moreover, these theorems and definitions will nearly

always rely in some way on the three properties that, as Theorem 2.3

showed, are always satisfied by the open sets in a metric space (A, d).

We state these Basic Properties of Open Sets in Metric Spaces again

as a reminder:

(OS1) A and ∅ are open sets.

(OS2) If {Ui : i ∈ I} is any set of open sets, then
⋃
i∈I

Ui is an open

set.

(OS3) If U and V are open sets then U ∩ V is an open set.

In the previous chapter we obtained a set S of open sets with these

properties using a metric. Collections of sets which have these same

three basic properties may often be defined without the use of a metric.

Whether we define such sets using a metric or not, such sets of sets

underpin all of the proofs and definitions of point set topology.

25
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3.1. The Science of Tops

The preamble to this chapter suggested that the three basic proper-

ties of open sets in a metric space underlie many of the definitions and

theorems of topology and analysis. Indeed the basic premise of modern

topology is to take these three properties as a set of axioms – to use

them as the starting point for the theory of topology. So let’s take the

plunge and define topologies and topological spaces.

Definition 3.1.1 (Topologies and Topological Spaces). Let A be a set.

Any set S of subsets of A having the following three basic properties

(T1) A,∅ ∈ S.

(T2) If {Ui : i ∈ I} ⊆ S then
⋃
i∈I

Ui ∈ S.

(T3) If U, V ∈ S then U ∩ V ∈ S.

is called a topology on A. The pair (A, S) is called a topological space

and the elements of S are called open sets. We also say that A has been

equipped with the topology S. When there is no possible confusion as to

which topology we are referring to, we simply say that A is a topological

space.

To establish that a set of subsets of A is actually a topology, we need

to prove that it satisfies (T1), (T2) and (T3). Note that when checking

(T3), there is no need to check that intersections like U ∩ U are in S.

A similar comment applies to (T2).

This definition underpins almost everything we do in

this chapter and in chapters 4, 5, 6 and 7.

We may now define closed sets in accord with our intuitive discussion

and definition of closed sets in metric spaces. We will consider the basic

properties of closed sets shortly. You should not forget that, just as is

the case in familiar metric spaces like Rn, there are usually lots of sets

which are neither open nor closed.

Definition 3.1.2 (Closed Set). We say that a set is closed iff its com-

plement is open.

You should compare (and try not to not confuse!) the notation for

a topological space with the notation for a metric space. Just as we
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saw with metrics, it is possible to have different topologies defined on

the same set A. The notation (A, S) for a topological space tells us

which topology is to be considered. For example, if T is a different

topology on A then (A, S) and (A,T) are different topological spaces.

However, for any given topological space (A, S), we often refer to S as

“the topology” on A.

Almost everything we do from now on will make use of the ideas

of open sets and topological spaces. Since the notion of a topological

space is a more general idea than that of a metric space and includes

metric spaces as a special case, every theorem we prove for topological

spaces holds for metric spaces as well. Moreover, when searching for

a proof strategy in point set topology, there is no harm in drawing

pictures or trying to visualize the problem in Euclidean space. This

might not always work, but the success rate is quite good.

A Pedantic Point

When a definition is used to obtain a topology S on

A we must be sure that S has the required basic

properties of open sets. Strictly speaking, we should

only speak of “open sets” after all properties have

been verified, so we should replace “open set” by “a

member of S ” until all properties have been verified.

However, we often speak loosely of “open sets” in

anticipation that all properties will be verified.

The Way Forward: We started with some set A with no particular

structure other than a set of subsets of A with the three basic properties

listed in Definition 3.1.1. We called these our open sets. These open

sets will soon be used to frame a range of other definitions and to

prove theorems about them. In section three for example, we will give

definitions of continuity of functions and limits of sequences entirely in

terms of open sets. These definitions will then be used to prove some

theorems about continuity and limits.

As an example of a result which can be proven just from the basic

properties of open sets, we now use induction to show that property 3

can be extended to all finite intersections of open sets. This unassuming

little result will turn out to be extremely useful.
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Lemma 3.1. Let {Vj : 1 ≤ j ≤ n} be a finite set of open sets in a

topological space (A, S). Then
n⋂
j=1

Vj is open in (A, S).

Proof. Let P (n) be the statement that if {Vj : 1 ≤ j ≤ n} is a

set of open sets in (A, S) then
n⋂
j=1

Vj is open.

The statement P (2) is just basic property 3 of open sets which holds

since (A, S) is a topological space.

Suppose P (n) holds for some n ≥ 1. We must show that P (n + 1)

holds. Let {Vj : 1 ≤ j ≤ n+1} be a set of open sets and let U =
n⋂
j=1

Vj.

Then U is open by inductive hypothesis P (n). Since Vn+1 is open by

assumption, so by property 3 of open sets U ∩ Vn+1 is open. But

U ∩ Vn+1 =

(
n⋂
j=1

Vj

)
∩ Vn+1 =

n+1⋂
j=1

Vj.

Hence P (n+ 1) holds. The result follows by induction. �

The idea behind this proof is illustrated

in the diagram for the case where n =

3.

But be warned! This lemma does not

extend to infinite intersections of open

sets. Exercise 2.3.1 gave an example

of an infinite family of open sets whose

intersection is not open.

V

V

V1 2

3

    V1∩V2 open ⇒ (V1 ∩V2)∩ V3 open 

At this stage we can also prove the analogue for closed sets of the

basic properties of open sets.

Theorem 3.1 (Properties of Closed Sets). In any topological space

(A, S) one has:

(CS1) A and ∅ are closed sets.

(CS2) If {Ci : i ∈ I} is any set of closed sets then
⋂
i∈I

Ci is a closed

set.

(CS3) If C and D are closed sets then C ∪D is a closed set.

(CS3′) If {Ci : i ≤ n} is a finite set of closed sets then
⋃
i∈I

Ci is closed.



3.1. THE SCIENCE OF TOPS 29

Proof. See Exercise 3.1.1. �

We already know of at least one way to define a topology – using a

metric. In this case the open sets are just those given by the definition

of open sets in a metric space from the previous chapter.

Definition 3.1.3 (Metric Topologies). Let (A, d) be a metric space.

Then the set S of all open subsets of A (as given in Definition 2.3.1)

is a topology on A which we call the metric topology given by d.

It is convenient to give names to some of the metric topologies which

we will consider frequently. The first is generally viewed as the usual

and most natural topology in Rn.

Definition 3.1.4 (Euclidean Topology). The Euclidean topology on

Rn is the metric topology given by the Euclidean metric.

For example, R2 with the Euclidean topology is simply R2 with open

sets defined by the Euclidean metric d(x, y) =
√

(x1 − y2)2 + (x2 − y2)2
where x = (x1, x2) and y = (y1, y2). Just as the Euclidean metric gives

rise to a topology with the same name, so it goes with the discrete

metric.

Definition 3.1.5 (Discrete Topologies). The discrete topology on a

set A is the metric topology given by the discrete metric.

Thus R2 with the discrete topology is R2 with open sets defined by

the discrete metric. This differs from the Euclidean topology on R2

because the open sets are different in each case.

The discrete topology has the property that every subset is open. At

the other end of the spectrum, the indiscrete topology (also known as

the trivial topology, or the coarse topology) is the topology with the

smallest possible number of open sets.

Definition 3.1.6 (Indiscrete Topologies). The indiscrete topology on

a set A is the topology for which ∅ and A are the only open sets.

Regardless of what topology you are using, you will be working with

open sets. The following result is often very useful in determining

whether a given set is open. We will need this result later in the course

(we reappears as Lemma 5.1).

Lemma 3.2. Let (A, S) be a topological space. Then a subset B ⊆ A is

open iff for every x ∈ B, there is an open set Ux ∈ S with x ∈ Ux ⊆ B.
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Exercises for Section 3.1

3.1.1. In this exercise we prove Theorem 3.1.

(a) Use De Morgan’s laws, the basic properties (T1),(T2) and (T3)

of open sets and the definition of a closed set to prove (CS1),

(CS2) and (CS3).

(b) Prove (CS3′).

Hint: Look at the proof of Lemma 3.1

3.1.2. What is wrong with the following type of argument in R with

the Euclidean topology? We assume that X ⊆ R.

To show X is closed. Suppose X is open ... (valid argument) ...

contradiction. Hence X must be closed as required.

3.1.3. Prove Lemma 3.2.

3.2. Distant Cousins

There are many topologies we could put on a familiar structure like

R2 or R3. Many can be defined using metrics, but some cannot. This

gives rise to the following definition.

Definition 3.2.1 (Metrizable Topology). If a topology S on A is the

metric topology given by some metric d on A, we say that the topology

is metrizable.

Notice that the definition of metrizability is an existence statement.

It says that there exists a metric d on A which gives S. In some cases,

metrizable topologies may be defined without the use of a metric. For

example, Lemma 2.2 tells us that if d is the discrete metric on any set

A, then the resulting metric topology is just the set of all subsets of

A. We could just as easily have specified the discrete topology on A by

declaring every subset to be open and then checked the basic properties

of open sets. This would involve no use of a metric. Nonetheless, the

discrete topology is indeed metrizable because there exists a metric

(namely the discrete metric) which gives the required topology.

It turns out that most “garden variety” topological spaces which

come up in applications are metrizable. There are theoretical reasons
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for this which are beyond the scope of this course.1 We will shortly

give examples of topologies which, although not particularly “useful”,

do serve to illustrate the point that not all topologies are metrizable.

It is natural at this point to ask why we bother to study topological

spaces without a metric, if useful topologies are generally metrizable.

There are two answers.

Firstly, it is not the case that all useful topological spaces are metriz-

able, although the study of useful non-metrizable spaces is beyond the

scope of this course. Secondly, life after metrics may seem difficult and

unfamiliar at first, but many things actually become simpler and more

natural if we just think in terms of open sets. In any case, you should

realize that much of the theory we develop does not depend directly on

metrics, but rather on the concept of an open set. It is therefore valid

even in those spaces which are not metrizable.

Definition 3.2.2 (Half Interval Topology on R). A subset U of R is

open in the half interval topology iff

(∀x ∈ U)(∃r > 0) [x, x+ r) ⊆ U.

As usual, all the properties of open sets must be verified before we

can say that the set of sets defined above actually is a topology on R.

We demonstrate this by checking property (T3). The others are proved

in Exercise 3.2.1.

Lemma 3.3. If U and V are open in the half interval topology on R
then U ∩ V is open.

Proof. Let x ∈ U ∩ V , so that x ∈ U and x ∈ V . From the

definition of an open set there exist r, s > 0 such that [x, x + r) ⊆ U

and [x, x+ s) ⊆ V .

Letting t = min{r, s} gives [x, x + t) as a subset of both U and V ,

whence [x, x+ t) ⊆ U ∩ V .

This shows that U ∩ V is open by Definition 3.2.2. �

1Chapter 12 of G.J.O. Jameson, Topology and Normed Spaces, Chapman and

Hall, London, 1974 gives a proof of one of the better known “metrizability theo-

rems”. The theorem gives very broad topological conditions which force a space to

be metrizable.
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x x+s x+rV

U

The half interval topology is not the same as the usual (Euclidean)

topology on R. For example, [0, 1) is open in the half interval topology

but [0, 1) is not open in the Euclidean topology on R (why?)

We shall see later that it is impossible to obtain the half interval

topology using a metric, that is, the half interval topology is non-

metrizable.

Definition 3.2.3 (Finite Closed Topology). In the finite closed topol-

ogy on A a set is open iff it is empty or has a finite complement, so

the topology is F = {∅} ∪ {U ⊆ A : A \ U is finite}.

Don’t forget that we are viewing the empty set as finite. We verify

that this does indeed define a topology on A in Exercise 3.2.3. Note

that a subset K of A is closed iff K = A or K is a finite set. The finite

closed topology turns out to non-metrizable iff A is an infinite set. (See

Exercise 3.2.4).

Exercises for Section 3.2

3.2.1. Verify property (T1) and property (T2) of open sets for the half

interval topology.

3.2.2. Let S consist of all subsets U of R satisfying:

(∀x ∈ U)(∃r > 0) (x− r, x] ⊆ U.

Check that S is a topology on R.

3.2.3. Check that the finite closed topology on any set does indeed

satisfy the conditions of Definition 3.1.1.

3.2.4 (*). In this exercise, we show that the finite closed topology F

on an infinite set A is not metrizable. We argue by contradiction.

Denote the finite closed topology by F and suppose that F is metriz-

able. Hence there is a metric d on A whose set of open sets is precisely

F.

(a) (i) Let x, y ∈ A with x 6= y. Why do such x and y exist?

(ii) Use an exercise from section one to find ε > 0 such that

Bε(x) ∩Bε(y) = ∅. Why are Bε(x) and Bε(y) in F?
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(b) Use the definition of the finite closed topology to write Bε(x)

and Bε(y) as complements of finite sets.

(c) Now calculate Bε(x)∩Bε(y) using the expressions you obtained

in (b) and De Morgan’s laws. Hence obtain a contradiction to

the statement Bε(x) ∩Bε(y) = ∅.

Hint: This is where you need to use the fact that A is infinite.

3.2.5. Let F be the finite closed topology on some set A

(a) Show that a subset K of A is closed iff K = A or K is a finite

set.

(b) Verify the basic properties of closed sets given in Theorem 3.1

directly for this topological space.

3.2.6. Let A be a finite set.

(a) Prove that all subsets of A are both open and closed in the

finite closed topology on A.

(b) Is the finite closed topology on A metrizable? Explain.

3.2.7. Prove the following for the half interval topology on R.

(a) [0, 1) and (0, 1) are both open.

(b) (0, 1] is not open.

3.2.8 (*). Let S and T be two topologies on the same set A. We say

that S is finer than T iff T ⊆ S. Prove the following for topologies on

R.

(a) The discrete topology is finer than the half interval topology.

(b) The half interval topology is finer than the Euclidean topology.

(c) The Euclidean topology is finer than the finite closed topology.

(d) The finite closed topology is finer than the indiscrete topology.

3.3. Continuing an Earlier Theme

Lemma 2.4 from the previous chapter places us in a position to give a

general definition of continuity which will work in any topological space.

The Lemma guarantees that this definition is precisely the same as the

standard definition of continuity in analysis when applied to functions

between metric spaces.

Definition 3.3.1 (Continuity at a Point). Let (A, S) and (B,T) be

topological spaces. The map f : A → B is said to be continuous at a
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point a ∈ A iff for each open set V containing f(a), there is an open

set U containing a such that f(U) ⊆ V .

A map is continuous iff it is continuous at each point in its domain.

•
•

V

U

f
a

f(a)

f(U)

Notice that the definition of continuity involves two topologies, one

on the domain and one on the codomain. The question of whether a

particular function is continuous or not can therefore depend on which

topologies we are using at each end. An example illustrating this point

is given in Exercise 3.3.9. Where we wish to emphasise the topologies

under consideration we will put f : (A, S)→ (B,T). The diagram illus-

trates why a map which “tears” its domain apart fails to be continuous

at point a on the “tear line”.

Notice that V is an open subset of the

“torn apart” space B and any open

set U containing a must have points

which map into each of the “pieces”

into which f has torn B. We will con-

sider this idea of when a space is “in

one piece” in more detail in section five.

A
•

B

f

•

a

f(a)V

U

f(U)

When a function is continuous at every point, the definition of conti-

nuity is equivalent to a very simple and elegant statement. Remember

that the notation for a preimage under a function f does not require

that the inverse map f−1 exist.

Theorem 3.2 (Continuity Everywhere). Let (A, S) and (B,T) be topo-

logical spaces. Then f : A → B is continuous iff f−1(V ) is open in

(A, S) for each open set V in (B,T).

Proof. See Exercise 3.3.6 �

Theorem 3.2 gives us a succinct equivalent way of rephrasing con-

tinuity. Indeed, this is the modern definition of continuity. To stress

this important notion, we rewrite the definition:
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Definition 3.3.2 (The Modern Definition of Continuity). Let (A, S)

and (B,T) be topological spaces. Then f : A→ B is said to be contin-

uous if f−1(V ) is open in (A, S) for each open set V in (B,T).

We can express the idea in this definition in simple terms by saying

that a map is continuous iff the preimages of open sets are open. Note

that this characterizes continuity in terms of open sets without refer-

ence to balls, metrics or messy inequalities. The all important concept

of an open set is just beginning to show you its power! But there’s

more!

Theorem 3.3 (Continuity of Composites). Let (A, S), (B,T) and (C,U)

be topological spaces. If f : A→ B and g : B → C are continuous then

g ◦ f : A→ C is continuous.

Proof. Let W be open in (C,U). Since g−1(W ) is open, by Def-

inition 3.3.2, we can apply Definition 3.3.2 a second time to see that

f−1(g−1(W )) is also open. By Exercise 3.3.1 we have (g ◦ f)−1(W ) =

f−1(g−1(W )) so (g ◦ f)−1(W ) must be open in (A, S). It now follows

that g ◦ f is continuous, by Definition 3.3.2. �

A

f

B C

W

g

    g
−1(W)

    f
−1(g−1(W))

The above proof gives some idea of the power of Definition 3.3.2.

No balls or inequalities in sight and yet we have proved that g ◦ f is

continuous at all points in its domain!

Exercises for Section 3.3

3.3.1. Let f : A → B and g : B → C, where A and B are any sets,

and let W be any subset of C. Prove the following fact (used in the

proof of Theorem 3.3 ).

(g ◦ f)−1(W ) = f−1(g−1(W )).

Do not assume that f is one to one.

3.3.2. Prove that all maps from a discrete metric space to any other

topological space are continuous.
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3.3.3. Prove that all constant maps are continuous.

3.3.4. Prove carefully that for any topological space (A, S), the identity

map f : A→ A : x 7→ x is continuous.

3.3.5. Give a specific example of a map from R to R which is not con-

tinuous (give R the Euclidean metric). Show the map is not continuous

by finding an open set V such that f−1(V ) is not open.

3.3.6. Here we prove Theorem 3.2. Let f : A→ B.

(a) Show that for all U ⊆ A and V ⊆ B

f(U) ⊆ V =⇒ U ⊆ f−1(V ).

(b) Suppose f is continuous in the sense of Definition 3.3.1 and V

is open in B. Use the result of part (a) to show that for each

x ∈ f−1(V ) there is an open subset Ux of A such that

x ∈ Ux ⊆ f−1(V ).

(c) Use the result of part (b) and property (T2) of open sets to

complete the proof that f−1(V ) is open.

(d) Use Lemma 1.4(e) to show that if f−1(V ) is open for every open

subset V of B then f is continuous in the sense of Definition

3.3.1.

3.3.7. Prove that a map is continuous iff preimages of closed sets are

closed sets. Use Definition 3.3.2 and and Lemma 1.4.

3.3.8. Use Exercise 3.3.7 to show that the set of zeros of any continuous

map f : A→ R is closed in the topological space (A, S).

3.3.9. Let f : (R, S)→ (R,T) : x 7→ 2x where S is the Euclidean topol-

ogy and T is the half interval topology. Prove that f is not continuous.

Hint: What is the preimage of [1, 2)? Is [1, 2) open in (R,T)?

3.3.10 (*).

(a) Let f : A → B, where A and B are any sets, and let Y be a

finite subset of B. Prove that if f is one to one then f−1(Y )

is finite.

(b) Let f : (R, S)→ (R,T) be one to one where S is the Euclidean

topology and T is the finite closed topology. Prove that f is

continuous.
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(c) Give an example of a map satisfying the conditions specified

in part (b) which is not continuous when considered as a map

from (R,T) to (R, S).

3.3.11. Let (A, S) be a topological space.

(a) Let u, v, x, y ∈ Rn and let r > 0. Show that if x ∈ B r
2
(u) and

y ∈ B r
2
(v) then x+ y ∈ Br(u+ v).

(b) Suppose f : A → Rn and g : A → Rn are both continuous.

Use the result of part (a) to prove that f + g : A→ Rn : x 7→
f(x) + g(x) is also continuous.

Hint: Use the definition of continuity.

(c) Use the results of part (b) and Exercise 3.3.8 to show that the

ellipse

X = {(x, y) ∈ R2 :
x2

4
+
y2

9
= 1}

is closed in R2. You may assume that f : R→ R : x 7→ x2

4
and

g : R→ R : x 7→ x2

9
are both continuous.

3.4. Initially and Finally

Once we have a topology on one space, one can often use it to define a

topology on other spaces. There are two basic ways of doing this. Let’s

start with the initial one. Suppose that (A, S) is a topological space,

let B be a set, and let f : B → A be a function. For the moment, f is

just a map between sets; we cannot assume f is continuous because for

the moment we don’t have a topology on B, so it doesn’t make sense

to speak of a map from B as being continuous. The idea is to define

a natural topology on B that makes f continuous. This is done by

deciding that a subset U of B is open iff U = f−1(V ) for some open

set V ∈ S. This is called the initial topology on B and we denote it If .

Its construction is chosen so that f is continuous, as a function from

(B, If ) to (A, S).

Definition 3.4.1 (Initial Topology). Suppose that (A, S) is a topolog-

ical space, let B be a set, and let f : B → A be a function. Then

If := {U ⊆ B : U = f−1(V ), for some V ∈ S}

is a topology on B called the initial topology.
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In order to ensure that this definition makes sense, the claim that

the initial topology really is a topology on B must be verified. We also

need to verify the desired feature that the map f is continuous. These

facts are done in 3.4.1.

The final topology is defined in a similar way, by reversing the arrows.

Definition 3.4.2 (Final Topology). Suppose that (A, S) is a topological

space, let B be a set, and let f : A→ B be a function. Then

Tf := {U ⊆ B : f−1(U) ∈ S}

is a topology on B called the final topology.

The facts that the final topology really is a topology on B, and the

map f is continuous, are done in 3.4.2.

In fact, it is useful to develop these notions of initial and final topolo-

gies in greater generality than we have done above, by considering a

family F of functions, rather than just a single function f . If you google

initial or final topology you will likely see this more general version. It

requires essentially no extra work for the final topology, but it is more

complicated for the initial topology, and requires notions that we don’t

have time to cover in this course.

Exercises for Section 3.4

3.4.1. Suppose that (A, S) is a topological space, let B be a set, and

let f : B → A be a function. Show that If is a topology, and verify

that f is continuous, as a function from (B, If ) to (A, S).

3.4.2. Suppose that (A, S) is a topological space, let B be a set, and

let f : A → B be a function. Show that Tf is a topology, and verify

that f is continuous, as a function from (A, S) to (B,Tf ).

3.5. Little and Large

Let (A, S) be a topological space and suppose B ⊆ A. Theorem 2.4

suggests a natural way to use the topology S on A to define a topology

T on B.
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To ensure consistency with our simple defi-

nition of subspace metrics, we would again

want the open sets in the subspace to

be obtained by intersecting sets which are

open in the “big” space with the subspace

itself.

A

B   −−U ∩B ∈T

  −−U ∈S

As it turns out, we can simply take this to be our definition of open

sets in the subspace. As you will see, this works well in practice.

Definition 3.5.1 (Subspace Topology). Let (A, S) be a topological

space and let B ⊆ A. Then T = {U ∩ B : U ∈ S} is a topology

on B called the subspace topology. We say that (B,T) is a subspace of

(A, S).

In order to ensure that this definition makes sense, the claim that the

subspace topology really is a topology on B must be verified. This will

be done in 3.5.1. Just as the open sets in a subspace are obtained by

intersecting open subsets of the “big” space with the subspace itself, so

the closed sets in a subspace are precisely those obtained by intersecting

sets which are closed in the “big” space with the subspace itself.

Theorem 3.4 (Closed Sets of Subspaces). Let (A, S) be a topological

space, let B ⊆ A and let T be the subspace topology on B. Then C is

closed in (B,T) if and only if C = D ∩B for some closed subset D in

(A, S).

Proof. See Exercise 3.5.3. �

You should observe that the proof of this theorem makes use only

of properties of sets. This is necessarily true of all results at this com-

pletely general level in point set topology because the definition of a

topology uses only properties of sets, so that is all we have to work with.

When we start working with particular spaces and types of spaces, how-

ever, more “geometric” considerations come into play.

Warning! Nothing is Absolutely Open or Closed!

One needs to be very careful about the meaning of concepts such

as “open” and “closed” when moving between a topological space (the
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“big” space) and its subspaces. Sets which are open in a subspace

topology need not be open in the original topology. The problem is

that being open or closed are not absolute properties of sets but depend

very much upon which subspace we are considering them as subsets of.

Example 3.1. [0, 1] and [3, 4] are not open in R. In the subspace

X = [0, 1] ∪ [3, 4] of R they are open because

[0, 1] = X ∩ (−1, 2) and [3, 4] = X ∩ (2, 5)

and (−1, 2) and (2, 5) are open in R. (Can you state why?)

Example 3.2. The intervals (0, 1) and (3, 4) are not closed in R, but

are closed in the subspace X = (0, 1)∪ (3, 4) of R by Theorem 3.4 since

(0, 1) = X ∩ [0, 1] and (3, 4) = X ∩ [3, 4]

and [0, 1] and [3, 4] are closed in R. (Can you state why?)

Example 3.3. Although, the singleton set {(0, 0)} is not open in R2,

it is open in X = {(0, 0)}∪B1((2, 2)) because {(0, 0)} = X ∩B1((0, 0))

and B1((0, 0)) is open in R2. (Can you state why?)

Example 3.4. Consider A = [0, 1]× [0, 1] as a subspace of R2 and let

U be the open subset of R2 intersecting A shown in the next diagram.

Then U ∩A is open in A, but as the diagram suggests, it does not look

like the sort of set we are used to considering as open in R2 because

it seems to contain some “boundary” points. These are not really

boundary points of U ∩ A in the space A, however.2 They merely

appear that way because they are boundary points of A when A is

considered as a subset of R2.

A
U

(0,0)

(1,1)

U ∩ A
U ∩ A

2We have not yet attempted to define a “boundary point” of a set. We come

back to this issue in Section 5.3.
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Our intuition about what is open or closed is not always correct

for subspaces, even for subspaces of familiar spaces like Rn.

Exercises for Section 3.5

3.5.1. Let T be the set of sets introduced in Definition 3.5.1 of the

subspace topology. Prove that the sets in T satisfy the basic properties

of open sets so that T is indeed a topology on B.

Hint: Don’t forget the definitions! You will need Lemma 1.1.

3.5.2. Let (A, S) be a topological space.

(a) Let U be open in (A, S) and let V be open in (U,T) where T

is the subspace topology on U . Show that V is open in (A, S).

(We say that open subsets of open sets are open.)

(b) Let C be closed in (A, S) and let D be closed in (C,T) where

T is the subspace topology on C. Show that D is closed in

(A, S). (We say that closed subsets of closed sets are closed.)

3.5.3. Prove Theorem 3.4.

Hint: You will need to use Definition 3.5.1 more than once.

3.5.4. Let (A, S) be a topological space, let B ⊆ A and let T denote

the subspace topology on B. Prove that the natural inclusion map

ι : B ↪→ A : x 7→ x is continuous.

3.5.5. Let (A, S) be a topological space, let B ⊆ A. Prove that the

subspace topology on B is nothing other than the initial topology Iι,

where ι : B → A : x 7→ x is the natural inclusion map. Deduce the

results of Exercises 3.5.1 and 3.5.4.

3.6. Putting it all together

Since we now have a way of viewing subsets of topological spaces as

topological spaces in their own right, we are in a position to discuss the

continuity of maps defined on subsets of topological spaces. Continu-

ity results are often useful when establishing that a map defined on a

subset of a normed vector space is continuous. This is so because many

maps on such domains are restrictions of continuous maps defined on
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the whole of the normed vector space (recall the definition of a restric-

tion from the appendix). Under these circumstances, the restriction is

automatically continuous.

Theorem 3.5 (Continuity of Restrictions). Let (A, S) and (B,T) be

topological spaces and let X ⊆ A. If f : A→ B is continuous then f |X
is continuous.

Proof. Let V be open in (B,T). Now (f |X)−1(V ) = f−1(V ) ∩X
by Exercise 3.6.1 and f−1(V ) is open in (A, S), by Definition 3.3.2.

Continuity of f |X follows by Definition 3.3.2. �

Wasn’t that easy? We told you that the definition of the subspace

topology would work well in practice! The theorem gives us lots of

examples of continuous maps on subsets of Rn, because it says we can

restrict any continuous map on Rn to any subspace X of Rn to obtain

a continuous function on X.

When defining a function, it is often necessary to give different for-

mulas which apply on different pieces of the domain. An example of

this type of “branched” definition is given by

f : R→ R : x 7→

−x2 if x ≤ 0

x2 if x ≥ 0

Notice that f is well defined because the two formulas agree at the

point of overlap 0. We conclude this section with a theorem that gives

some simple conditions under which a function defined in this way will

be continuous.

Theorem 3.6 (Glueing Continuous Maps). Let (A, S) and (B,T) be

topological spaces, let X and Y be closed subsets of (A, S) and let f :

X → B and g : Y → B be continuous. Then provided f and g agree

on X ∩ Y the map

h : X ∪ Y → B : x 7→

f(x) if x ∈ X
g(x) if x ∈ Y

is well defined and continuous.
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A B
X

Y

•
•
•

x

z

y

• h(x)=f(x)

• h(z)=f(z)=g(z)

• h(y)=g(y)

Proof. The fact that f and g agree on X ∩ Y guarantees that h

is well defined. By Exercise 3.3.7, we can prove that h is continuous

by showing that for any closed subset C of (B,T), the set h−1(C) is

closed in X ∪ Y . Now

h−1(C) = {x ∈ X : f(x) ∈ C}∪{y ∈ Y : g(y) ∈ C} = f−1(C)∪g−1(C).

Since f and g are both continuous, Exercise 3.3.7 shows that f−1(C)

is closed in X and g−1(C) is closed in Y . But since X and Y are both

closed, Exercise 3.5.2(b) shows that f−1(C) and g−1(C) are both closed

in (A, S).

Thus f−1(C) ∪ g−1(C) is closed in (A, S) by Theorem 3.1 and hence

closed in X∪Y by Theorem 3.4 because f−1(C)∪g−1(C) ⊆ X∪Y . �

This proof is fairly subtle and uses much of the machinery we have

been developing. If you can understand the argument in its entirety,

you are probably well in command of the course material introduced

so far. If not, then working through the details you don’t understand

would be excellent revision.

The theorem is still valid if one replaces the assumption that X and

Y are both closed with the assumption that they are both open. (See

Exercise 3.6.2.) But it fails to work if you just break up the domain

into arbitrary pieces, even if those pieces overlap, as our concluding

example illustrates.

Example 3.5. Let X = {(x, y) : x ≥ 0} and let Y = {(x, y) : x <

0} ∪ {(0, 0)}. The map

f : R2 → R : (x, y) 7→

0 if (x, y) ∈ X
y2 if (x, y) ∈ Y

is continuous on X and Y but not on R2 (see Exercise 3.6.6).
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Exercises for Section 3.6

3.6.1. Let f : A→ B, where A and B are any sets, let X be any subset

of A and let V be any subset of B. Prove the following fact (used in

the proof of Theorem 3.5).

(f |X)−1(V ) = f−1(V ) ∩X.

3.6.2. Use Exercise 3.5.2(a) to prove Theorem 3.6 is still valid if one re-

places the hypothesis that X and Y are both closed with the hypothesis

that they are both open.

3.6.3. Let f : R → R : x →

0 if x ≤
√

2

1 if x >
√

2
. Assume that R has the

Euclidean metric.

(a) Sketch the graph of f .

(b) Is f continuous?

(c) Consider Q, equipped with the subspace topology. Prove that

f |Q is continuous.

(d) Does this contradict Theorem 3.6?

3.6.4. Let S1 denote the unit circle {x ∈ R2 : ‖x‖ = 1} in R2. Use The-

orem 3.5 and standard theorems of analysis to show that the following

maps are continuous.

(a) f : S1 → S1 : x 7→ −x (You should explain why f is well

defined.)

(b) f : [0, 2π]→ S1 : t 7→ (cos(t), sin(t))

(You should explain why f is well defined.)

(c) f : S1 → R : (x, y) 7→ x2 + y2.
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3.6.5. Let (A, S) be a topological space, let B ⊆ A and let T denote

the subspace topology on B. Prove that the injection map I : B → A :

x 7→ x is continuous.

3.6.6. Let f : R2 → R2 be defined as in Example 3.5.

(a) Use Theorem 3.5 to show that restricting of f to either of the

sets X and Y defined in Example 3.5 gives a continuous map.

(b) Prove carefully that f is not continuous. Hint: You only need

to show that f fails to be continuous at one point. Lemma 2.4

should be useful.

3.7. Let’s Not Be Indiscrete

In Definition 3.1.6, we introduced the indiscrete topology on a set

A, for which ∅ and A are the only open sets. To be frank, there is not

much mathematics that can be done with such a trivial topology. We

need some basic property to make life interesting. It turns out that

one of the most useful properties is the ability to separate points with

open sets; this is the notion of a Hausdorff space. It gives us a large

class of spaces (including all metric spaces), in which mathematical life

is interesting.

Definition 3.7.1 (Hausdorff Spaces). We say that a topological space

(A, S) is Hausdorff iff for all distinct points x and y in A there exist

disjoint open sets U and V in S such that x ∈ U and y ∈ V .

Hausdorff spaces are sometimes called T2-

spaces. They have many, many useful

properties. Some of these will be discussed

in exercises and others will come up in later

sections.

A

U V

    y
  x
• •

The next theorem shows that this is always so in metric spaces.

Theorem 3.7 (Metric Implies Hausdorff). Every metric space (A, d)

is Hausdorff.
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Proof. Let x, y ∈ A and let ε = 1
2
d(x, y).

Then Bε(x) and Bε(y) are disjoint by Exercise

2.2.2 and they are open by Theorem 2.1. This

completes the proof. �

•
x

ε •
y

ε
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Exercises for Section 3.7

3.7.1. Let (A, S) be a Hausdorff space.

(a) Prove that any singleton subset of A is closed.

(b) Use Theorem 3.1 to prove that any finite subset of A is closed.

3.7.2. Prove that the half interval topology on R is Hausdorff.

3.7.3 (*). Prove that the finite closed topology on any infinite set is

not Hausdorff.

Hint: Adapt the argument of Exercise 3.2.4.

3.7.4. Let (A, S) and (B,T) be topological spaces with (B,T) Haus-

dorff. For continuous maps f : A → B and g : A → B show

T = {x ∈ A : f(x) = g(x)} is closed.

A B

T

V

U

x

f

g •

•
•

Hint: (i) Consider x ∈ A \ T . Notice that f(x) 6= g(x) and obtain

open sets U and V as in the diagram (Give reasons!)

(ii) Show f−1(U) ∩ g−1(V ) ∩ T = ∅ (argue by contradiction), and

hence A \ T is open.

3.7.5. Prove that every subspace of a Hausdorff topological space is

Hausdorff.





CHAPTER 4

Staying in One Piece

When is a topological space “in one piece”? When is it in two (or

more) separate pieces? Clearly we would consider the interval [0, 1] to

be in one piece (connected) and the set X = [0, 1] ∪ [3, 4] to be in two

separate pieces (disconnected).

0 1 3 4

However, life is not that simple! If we write [0, 2] as [0, 1]∪(1, 2] then

it appears that [0, 2] is the union of two separate (disjoint) sets and so

[0, 2] must be a disconnected set!

0 21

This will not do. Clearly we need to frame our definition of connect-

edness more carefully, more topologically in fact. This chapter consid-

ers two approaches to this problem which lead to two slightly different

definitions. Both definitions are in common use and both have many

applications.

49
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4.1. Breaking Up is Never Easy

Our intuition would suggest that we cannot write [0, 2] as the union of

two disjoint non-empty closed intervals because any two such intervals

would either be forced to overlap at the boundaries or else leave out

some of [0, 2].

0 2

0 2

Indeed, intuition strongly suggests that we cannot write [0, 2] as the

union of two disjoint non-empty closed sets of any kind, for similar

reasons.

On the other hand, our disconnected example X is already written

as the union of two disjoint closed sets. This suggests that we try to

define connected sets as those which cannot be written as the union

of two disjoint closed subsets. But we have to be careful about what

we mean by closed. For example, we would obviously consider the

subset Y = (0, 1) ∪ (3, 4) of R to be disconnected, but since neither

of the “pieces” (0, 1) and (3, 4) is closed in R, we don’t seem to be

able to write Y as the union of two disjoint closed subsets in the same

straightforward way as for X.

0 1 3 4

Subspaces to the rescue! If we consider (0, 1) and (3, 4) as subsets

of the subspace Y of R, however, the problem vanishes. For now, (0, 1)

and (3, 4) are in fact closed since we can write them as Y ∩ [0, 1] and

Y ∩ [3, 4] respectively.

0 1 3 4

This leads us to the following definitions:

Definition 4.1.1 (Connected Spaces and Sets). A topological space

(A, S) is disconnected if it can be written as the union of two disjoint

non-empty closed subsets C and D and connected otherwise. A subset

X of (A, S) is called disconnected if it is disconnected when considered

as a subspace and connected otherwise.
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Suppose that X is a disconnected subset of (A, S), so that X = C∪D
where both C and D are disjoint and closed in X. It is easy to check

that C = X\D and D = X\C. (You should do this!) But this tells

us that C and D are also open in X. Wait a minute! Sets which are

both open and closed! That can’t be right, can it? Well actually, it

only seems strange because we are used to thinking of nice connected

spaces like Rn rather than disconnected spaces like the one shown in

the diagram.

Definition 4.1.2 (Clopen Partitions). A set which is both open and

closed is called clopen. If a topological space (A, S) can be written as

the union of disjoint non-empty clopen sets C and D, we call {C,D}
a clopen partition of (A, S).

As you might guess, the connected subsets of R are precisely the

intervals. But intervals come in several different forms. For a, b ∈ R
with a ≤ b one has the following possibilities

(a, b), (a,∞), (−∞, b), (−∞,∞) = R, [a, b), [a,∞)

(a, b], (−∞, b], [a, b], [a, a] = {a}, (a, a) = ∅.

We give a definition which covers all of these cases. (You should

check this.)

Definition 4.1.3 (Intervals). A subset J of R is an interval iff it

contains all real numbers between any two of its members. That is, if

s, t ∈ J with s < t, then every x ∈ R satisfying s ≤ x ≤ t is also an

element of J .

Thus, an interval is a subset of R with no “holes” in it! The following

theorem may now seem obvious, but its proof, which depends very

much on Theorem B.16, is far from easy.

Theorem 4.1 (Connected Subsets of R). Let R have the Euclidean

topology. A subset of R is connected iff it is an interval.

Proof. See Exercise 4.1.9. �
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Note that Theorem 4.1 does not hold for R with the half interval

topology or the discrete topology. (See Exercises 4.1.6 and 4.1.2.)

Theorem 4.2 (Connectedness of Vector Spaces). Every normed vector

space is connected.

Proof. See Exercise 4.2.2. �

Exercises for Section 4.1

4.1.1. Let R have the Euclidean topology. Where possible give specific

clopen partitions of the following subsets of R.

(a) (0, 3) ∪ {4} (b) (0, 3) ∪ [3, 4] (c) (0, 3) ∪ (3, 4]

(d) [0, 1] ∪ [2, 3] ∪ [4, 5] (e) The rational numbers (f) The

irrational numbers.

Which of the above sets are connected? Which are disconnected?

4.1.2. Let A be a set with the discrete topology. Prove that all subsets

of A with more than one point must be disconnected.

Hint: Recall Lemma 2.2.

This result holds for R with the discrete topology so, for example,

the interval [0, 1] is disconnected in the discrete topology!

4.1.3. Prove that R\{0} is a disconnected subset of R.

4.1.4. Prove that a finite subset of a Hausdorff topological space is

disconnected iff it contains more than one point.

Hint: You will probably need Lemma 3.1.

4.1.5. Let F be the finite closed topology on some infinite set A. Prove

that (A,F) is connected.

4.1.6. Show that R with the Half Interval Topology is not connected.

Hint: You should be able to find a clopen partition consisting of a

pair of intervals

4.1.7 (*). Let (A, S) be a topological space.

(a) Show that if W is disconnected in (A, S) with clopen parti-

tion {C,D} and Z ⊆ W intersects both C and D then Z is

disconnected.

(b) Suppose X and Y are connected subsets of (A, S) such that

X ∩ Y 6= ∅. Prove that X ∪ Y is connected.
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Hint: Argue by contradiction. Use (a) to show that X

cannot have points in both elements of a clopen partition. Do

the same for Y .

4.1.8 (*). Let Y be connected in (A, S) and suppose that for each i ∈ I
the set Xi is connected in (A, S) and Xi ∩ Y 6= ∅. Prove that

Y ∪
(⋃
i∈I

Xi

)

is connected.

4.1.9 (*). In this exercise we will prove Theorem 4.1.

(a) Show that a subspace of R which is not an interval is not

connected.

Hint: Negate the definition of an interval and hence find

a clopen partition. Don’t forget the definition of the subspace

topology.

Now let I be an interval. We will suppose that I is dis-

connected and obtain a contradiction. Thus we suppose that

there is a clopen partition {C,D} of I, so there exist x ∈ C

and z ∈ D. Without loss of generality, we assume that x < z.

(b) Explain why y = sup(C ∩ (−∞, z]) exists, and why we must

have either y ∈ C or y ∈ D. (We treat the two cases sepa-

rately.)

(c) If y ∈ C, use the fact that C is open to prove that y = z and

hence obtain a contradiction.

Hint: Assume y < z and use the definition of an open set

to contradict the fact that y is an upper bound.

(d) Use a similar type of argument to part (c) to obtain a contra-

diction in the case where y ∈ D.
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4.2. Surely There’s a Better Way

We could have taken an alterna-

tive, perhaps more obvious, ap-

proach when trying to define con-

nectedness. We could have said

that a space is in one piece pro-

vided we can get from any point in

the space to any other point with-

out having to “jump”.

• y

• x

To get from x to y

we would be forced to 

˝jump˝ here

This suggests we frame a definition using continuous maps because

they cannot “jump”. Our next definition expresses this idea that we

can move “continuously” from one point to another without “jumping”.

Definition 4.2.1 (Path). Let (A, S) be a topological space and let x, y ∈
A. A path from x to y in (A, S) is a continuous map p : [0, 1] → A

such that p(0) = x and p(1) = y.

Although a path is formally a map from

[0, 1] to A, we usually picture a path p in A

as the image set p([0, 1]) which is a subset

of A. (Think about this!) We are now

ready to attempt our alternative definition

of connectedness. The image of a path is

sometimes called an arc.

•
•

x

y

A

Definition 4.2.2 (Path Connectedness). A topological space (A, S) is

path connected iff for every x, y ∈ A there is a path in A from x to

y. A subset X of A is path connected iff it is path connected when

considered as a subspace.

The diagram illustrates the idea that X is

a path connected subset of A. Notice that

the definition implies that there must be a

path from x to y which lies entirely inside

the set X .

•
•

x

y

A
X

As you may have guessed, path connectedness is not the same as

connectedness. Otherwise, we wouldn’t have wasted time talking about

connectedness, would we? The subspace of R2 shown in the next dia-

gram provides a counterexample.
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(0,1)

(0,-1)

(1/   , 0)π

X = {(x, sin(
1

x
)) : x ∈ (0, 1]} ∪ {(0, y) : y ∈ [−1, 1]}

The space X is connected but not path connected. The proof that it

is not path connected is the (rather difficult) Exercise 4.2.5. We defer

the proof that it is connected until much later (Exercise 5.3.10).

Although path connectedness is not the same as connectedness, it

is a very useful and well studied property of topological spaces. It

is particularly important in Geometric Topology. Moreover, the two

concepts are related.

Theorem 4.3 (Connectedness via Paths). Every path connected topo-

logical space is connected.

Proof. See Exercise 4.2.1. �

This theorem often makes it easier to prove that a particular space is

connected because it is sometimes easier to prove path connectedness

than connectedness from first principles. In fact, it is fair to say that

most “garden variety” connected spaces are also path connected, so we

can use this approach more often than not to prove that useful spaces

are connected. We shall see examples of this in Exercises 4.2.2 and

4.2.6.

Exercises for Section 4.2

4.2.1. In this exercise we prove Theorem 4.3. Let (A, S) be a path

connected space. We argue by contradiction. Suppose (A, S) is discon-

nected and let {C,D} be a clopen partition of (A, S).

(a) Explain why there exist x ∈ C and y ∈ D and why there is a

path p from x to y?

(b) Use Definition 3.5.1 and the fact that C and D are both clopen

to obtain a clopen partition of the domain of p.
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(c) Which theorem does this contradict?

4.2.2. In this exercise we prove Theorem 4.2. Let V be a normed

vector space.

(a) Prove that for any z ∈ V , the map αz : R → V : t 7→ tz is

continuous using the definition (C2) of continuity.

(b) Let x, y ∈ V and define f : R → V : t 7→ ty + (1− t)x. Prove

that f is continuous. (You may assume the results of exercises

3.4, 3.23(b) and 3.24.)

(c) Use (b) to prove that V is path connected.

(d) Use (c) and Theorem 4.3 to complete the argument.

4.2.3. Prove that the following subspaces of R2 with the Euclidean

topology are connected.

(a) R2\{0} (b)B1((0, 0)) (c) R2\B1((0, 0)) (d)B1((0, 0))

Hint: Look at the construction used in Exercise 4.2.2.

4.2.4. Let (A, S) be a topological space.

(a) Let x, y, z ∈ A and suppose there is a path p from x to y and a

path q from y to z. Use Theorem 3.6 to construct a path from

x to z.

(b) Suppose X and Y are path connected subsets of (A, S) such

that X ∩ Y 6= ∅. Prove that X ∪ Y is a path connected set.

4.2.5 ((**)). LetX = Y ∪Z ⊆ R2 where Y = {(0, y) : y ∈ [−1, 1]}, Z =

{(x, sin( 1
x
)) : x ∈ (0, 1]}. This is the counterexample given before

Theorem 4.3. We will prove that X is not path connected by showing

that if p is a path from (0, 0) to some other point of X, then p([0, 1]) ⊆
Y , so there can be no path from (0, 0) to any point of Z.

(a) Use the result of Exercise 3.6.1 to prove that p−1(Y ) is closed

in [0, 1].

(b) Show that for any t ∈ p−1(Y ) there is a connected subset J of

[0, 1] containing t such that p(J) ⊆ B 1
2
(p(t)).

(c) Show that if Z ∩ P (J) 6= ∅ then P (J) is disconnected. Use

the result of Exercise 2.2.4. What does this contradict?

Hint: Consider the two cases: (i) p(t) on or above the

x-axis and (ii) p(t) below the x-axis. Draw pictures.

(d) Use the above results to show that p−1(Y ) is open in [0, 1] and

hence conclude that p−1(Y ) = [0, 1]. Why does this complete

the argument?
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4.2.6 (*). In this exercise we will show that the 2-sphere

S2 = {x ∈ R3 : ‖x‖ = 1}
in R3 is path connected.

(a) Suppose x, y ∈ S2 with x 6= −y. Show that the map

f : R→ R2 : t 7→ tx+ (1− t)y
never takes the value 0.

Hint: Show that f(t) = 0⇒ x = −y.

(b) Show that p : [0, 1]→ S2 : t 7→ f(t)
‖f(t)‖ is a path in S2 from x to

y provided x 6= −y.

(c) Use (b) and the result of 4.2.4(a) to prove that there is always

a path in S2 from x to −x.

4.2.7. Suppose that Y is path connected subset in (A, S) and for each

i ∈ I the set Xi is path connected in (A, S) with Xi ∩ Y 6= ∅. Prove

that

Y ∪
(⋃
i∈I

Xi

)
is path connected.

4.3. Keeping Things Together

If f is a continuous map and X ⊆ Dom(f) has some property then

it is reasonable to ask if f(X) has the same property. In many cases

the answer is no! However, in certain important cases, there are useful

results of this type. Given the discussion in section three about the

discontinuity of maps which “tear” their domains, it should not be

surprising to find that the continuous image of a connected space is

connected.

Theorem 4.4 (Image of a Connected Space). Let (A, S) and (B,T)

be topological spaces and let f : A → B be continuous. If (A, S) is

connected, then f(A) is connected.

Proof. We prove the contrapositive statement: if f(A) is discon-

nected then A is disconnected. As f(A) is disconnected it has a clopen

partition {U, V } and by definition of the subspace topology on f(A)

there are open setsG,H ∈ T such that U = G∩f(A) and V = H∩f(A).
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We will show that the preimages

of U and V break (A, S) up into a

clopen partition.

)

U

V

f

f

    f
−1

(

    f
−1

(V )

A

U

Using Lemmas 1.3(b) and 1.4(h) gives

f−1(U) = f−1(G∩f(A)) = f−1(G)∩f−1(f(A)) = f−1(G)∩A = f−1(G)

so f−1(U) is open in A by Definition 3.3.2. Similarly f−1(V ) is open

in A. By Lemma 1.3(b)

f−1(U) ∩ f−1(V ) = f−1(U ∩ V ) = f−1(∅) = ∅

and by Lemmas 1.3(a) and 1.4(h)

f−1(U) ∪ f−1(V ) = f−1(U ∪ V ) = f−1(f(A)) = A.

Since U 6= ∅, there is a y ∈ U ⊆ f(A) and hence an x ∈ A such that

y = f(x) whence x ∈ f−1(U) and so f−1(U) 6= ∅ Similarly f−1(V ) 6=
∅. But this shows that {f−1(U), f−1(V )} is a clopen partition of A so

A is disconnected as required. �

You should understand in detail how the above proof works as it

contains many of the ideas introduced so far. Note the importance

of set/map results from the appendix. This theorem says that the

continuous image of a connected set is connected. It is the first of

several theorems showing which properties of sets are “preserved under

continuous mappings.

Corollary 4.1 (Image of a Connected Set). Let (A, S) and (B,T) be

topological spaces and let f : A→ B be continuous. If Z is a connected

subset of (A, S) then f(Z) is connected.

Proof. Follows from the theorem and the fact that f |Z is a con-

tinuous onto map from Z to f(Z) by Theorem 3.5. �

Another corollary of Theorem 4.4 is well known and has many appli-

cations. In many applications of this result, the domain of the function

involved is a subset of R and the set X is connected because it is an

interval. We now have the machinery to state it in its most general

form.
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Theorem 4.5 (Intermediate Value Theorem). Let (A, S) be any topo-

logical space, let f : A → R be continuous and let X be a connected

subset of (A, S). Given any x, y ∈ X the map f takes all values between

f(x) and f(y).

Proof. See Exercise 4.3.3. �

The theorem is illustrated in the diagram

for the case where X = (a, b) by projecting

f([x, y]) onto the y-axis.

The next theorem is an analogue of 4.4 for

path connected spaces.
a b

f

f(x)

f(y)

x y

f([x , y])

Theorem 4.6 (Image of a Path Connected Space). Let (A, S) and

(B,T) be topological spaces and let f : A→ B be continuous. If (A, S)

is path connected, then f(A) is path connected.

Proof. See Exercise 4.3.4. �

Corollary 4.2 (Image of a Path Connected Set). Let (A, S) and (B,T)

be topological spaces and let f : A → B be continuous. If Z is a path

connected subset of (A, S) then f(Z) is path connected.

Proof. Follows from the theorem and the fact that f |Z is a con-

tinuous onto map from Z to f(Z) by Theorem 3.5. �

Exercises for Section 4.3

4.3.1. Give an example of a set X and a continuous map f such that

f(X) is connected but X is disconnected. Define X and f clearly and

state which topologies you are using. Say why f is continuous. What

do you conclude ?

4.3.2. (a) Give an example of a topological space (A, S) and a

pair of connected subsets X and Y of A such that X ∩ Y is

not connected. Prove all of your claims carefully. Can this be

done in R? Explain.
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(b) Give an example of a topological space (A, S) and a pair of

connected subsets X and Y of A such that X ∪ Y is not con-

nected. Prove all claims carefully. Why doesn’t this contradict

Theorem 4.4?

4.3.3. Use Theorems 4.1 and 4.4 to prove Theorem 4.5.

4.3.4. Here we prove Theorem 4.6 Let x, y ∈ f(A). We need to find a

path from x to y in f(A).

(a) Explain why there are s, t ∈ A such that x = f(s) and y = f(t).

(b) Explain why there is a path p in A from s to t.

(c) Show that f ◦ p : [0, 1]→ B is well defined and f ◦ p is contin-

uous.

(d) Show that f ◦ p is a path from x to y.

The diagram illustrates the construction used in the proof.

•

•

•

•

s
x

t
A

y
B

0 1

p

f

    f o p

f  (   )A

4.3.5 (*). Let T : S2 → R be continuous where S2 is the 2-sphere in

R3 as defined in Exercise 4.2.6.

(a) Prove that the map g : S2 → R : x 7→ T (x) − T (−x) is well

defined and continuous.

(b) Check that g(−x) = −g(x) for all x ∈ S2 and use the Interme-

diate Value Theorem to show that g(z) = 0 for some z ∈ S2.

You may assume the result of Exercise 4.2.6.

(c) Suppose that T is a map giving the temperature at each point

on the surface of the earth at some fixed point in time. Do

you think our assumption that T is continuous is reasonable?

Interpret the result of part (b) in terms of temperature.



CHAPTER 5

When Less is More

Consider the two dimensional sphere

S2 = {x ∈ R3 : ‖x‖ = 1}
in R3. From a topological standpoint,

it is reasonable to view S2 as a model

of the surface of the earth. Suppose the

map T : S2 → R measures the temper-

ature at each point on the earth’s sur-

face at some particular instant in time.

T

0

S 2 R

Intuitively, we would expect T to be continuous. We would also ex-

pect T to take a maximum value at some point on the sphere (and it

would be possible for the maximum to occur at many points simultane-

ously). Similarly, we would expect T to take a minimum value at some

point on the sphere, perhaps again at many points simultaneously.

There is clearly some property of the sphere which we feel guarantees

that the maximum and minimum must exist. Moreover, our intuition

about the weather conforms with this idea.

We want to investigate this property shared by S2 and many other

spaces. It is called “compactness” and it has a very wide range of

applications in topology and analysis, quite apart from the issue of

boundedness of continuous functions discussed above.

61
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5.1. Good Things Come in Small Packages

Let’s return for the moment to the issue of boundedness of continuous

functions. To see the range of possibilities, we will consider the simple

example of the continuous map f : R+ → R+ : x 7→ 1
x
.

Question: What conditions on a subset X of R+ guarantee that

f(X) is a bounded set with maximum and minimum elements?

• If X = (0, 1] then f(X) = [1,∞) which is not bounded.

• If X = [1, 2] then f(X) = [1
2
, 1] which is bounded and does

have maximum and minimum elements.

• If X = (1, 2] then f(X) is bounded but has no maximum

element.

This simple example shows there are many possibilities! Questions

of the above type frequently occur in proofs and applications - so a

reasonably general answer is important. In this section we will see how

the property of compactness can be used to answer such questions. It

turns out that compactness has many other important applications.

We will see some of them in later sections.

It is easy to see that finite sets have the property we are looking

for. (Think about this!) In fact, the idea of compactness is sometimes

viewed as a way of generalizing some of the nice properties of finite sets.

All finite subsets of topological spaces will indeed satisfy our definition

of compactness. (See Exercise 5.1.2.)

The definition of compactness will be the most difficult one we have

to deal with in this course. But fear not! We will try to collect together

as many theorems as we can which enable us to prove that particular

spaces are compact without ever having to invoke the definition. A

major difficulty is that it is far from obvious what the definition is trying

to say. We will attempt to remedy this problem before proceeding to

a formal definition.

Suppose (A, S) is a topological space, f : A → R is continuous and

K ⊆ A. We are looking for conditions on K which guarantee that

f(K) will be bounded. We can always “cover” f(K) with a (possibly

infinite) set {Vi : i ∈ I} of bounded open intervals.

Thus each Vi = (ai, bi) for some ai, bi ∈ R.

Vi
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By “cover” we just mean that f(K) ⊆ ⋃i∈I Vi. This makes sense if

you think of the open sets being “laid on top” of f(K). By Definition

3.3.2, each f−1(Vi) will be open in A.

For each x ∈ K, there is an i ∈
I such that f(x) ∈ Vi and hence

x ∈ f−1(Vi). It follows that the set

{f−1(Vi) : i ∈ I} covers K, that is,

K ⊆ ⋃i∈I f
−1(Vi). By a result from

the appendix, f(f−1(Vi)) ⊆ Vi and

hence each f(f−1(Vi)) is bounded.

K

A

f
Vi

    f
−1(Vi )

Suppose we could somehow get rid of all but finitely many of the

f−1(Vi) and yet still cover the set K. Then we would have some finite

subset J of I such that {f−1(Vj) : j ∈ J} covers K, that is, we would

have K ⊆ ⋃j∈J f
−1(Vj).

Using results from the appendix would then give

f(K) ⊆ f

(⋃
j∈J

f−1(Vj)

)
=
⋃
j∈J

f(f−1(Vj)) ⊆
⋃
j∈J

Vj.

Thus f(K) would be contained in a union of finitely many bounded

sets. Since a union of finitely many bounded sets is bounded by 2.2.3,

f(K) would have to be bounded. If we could establish that f(K) is

also closed, it would have a maximum and minimum. It turns out that

the definition of compactness, which is motivated by the above discus-

sion, will also ensure that f(K) is closed, so we will have achieved our

objective of guaranteeing that it has maximum and minimum elements.

The wild assumption we made in the above construction was that

we could somehow forget about all but finitely many of the open sets

covering our set K. Our definition of compactness centres on this idea.

Indeed, to say that a set is compact really boils down to saying that no

matter how we cover it with open sets, we actually only need finitely

many of them to do so. The others are redundant.

We first make these ideas about covering of sets precise. Notice that

there is nothing particularly “topological” about our next definition.
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Definition 5.1.1 (Cover). Let K be a set and suppose {Ui : i ∈ I} is

a family of sets such that

K ⊆
⋃
i∈I

Ui

We say that {Ui : i ∈ I} is a cover for the set K.

The diagram illustrates the idea of a cover

for a set. The terminology suggests the

idea expressed by the definition as it ap-

plies in two dimensions. The set is com-

pletely “covered” when the elements of the

cover are “laid on top” of the set.

A

K
Ui

In many cases we may be able to “throw

away” some of the sets in a cover for a set

K and still have enough left to coverK. To

put it another way, the cover may include

some or indeed many redundant sets.

A

K

Redundant 

elements of 

the cover

Definition 5.1.2 (Subcover). Let K be a set and suppose {Ui : i ∈ I}
is a cover for K.

Suppose J ⊆ I is such that {Uj : j ∈ J} is also a cover for K. We

say that {Uj : j ∈ J} is a subcover of {Ui : i ∈ I}.

The next definition is topological because it involves open sets.

Definition 5.1.3 (Open Covers and Finite Covers). An open cover is

a cover in which all sets are open (the set being covered need not be

open). We say that a cover is finite iff it contains a finite number of

sets.

Notice that a cover is a set of sets. To say that a cover is finite is to

say that there are only finitely many sets in the set, not that the sets

themselves are finite.

Example 5.1. K = R+ Un = (0, n) I = N
{Un : n ∈ N} is an open cover for K. {Un : n ∈ 2N} is a subcover

of {Un : n ∈ N} which has no finite subcover.
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K

U1
U2

U3

Example 5.2. K = R+ Un = (n− 1, n+ 1) I = N
{Un : n ∈ N} is an open cover for K. It contains no subcover other

than itself (prove it!)

K

U 2
U3U

1

Example 5.3. K = (1, 3) Un = (n− 1, n+ 1) I = N
{Un : n ∈ N} is an open cover for K. {Un : n ∈ {1, 2, 3}} is a finite

subcover of the above cover.

K

U1
U2

U3

Example 5.4. K = (1, 3) Un = (1, 3− 1
n
) I = N

{Un : n ∈ N} is an open cover for K. (Prove it!) It has no finite

subcover.

U1
U2

U3

K

We now give the most general definition of compactness in standard

use. There are other equivalent definitions, but they are less general,

applying only in the restricted setting of metric spaces or even Rn.

Definition 5.1.4 (Compact Set). A subset K of a topological space

(A, S) is said to be compact iff every open cover for K contains a

finite subcover.

Important Warning! To show a set is compact, it is not enough

to prove that one particular open cover has a finite subcover. The

above definition requires that every possible open cover must have a

finite subcover. As there may be infinitely many different open covers

to consider, using a first principles argument to prove a set is compact

may not be all that easy!
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The concept of an open set is of fundamental importance in our

definition of compactness. Thus a set may be compact in one topology

and not compact in another. We saw similar behaviour when dealing

with connected sets.

Exercises for Section 5.1

5.1.1. Prove all of the claims made about the open covers in Examples

5.1 to 5.4.

5.1.2. Prove that any finite set is compact.

5.1.3. Give a specific example of a non-compact subset X of R and an

open covering for X which contains a finite subcover (for X). Define

X, say why it is not compact, define the open cover and the finite

subcover. Why have we not contradicted the definition of a compact

set or some of the results stated in these notes?

5.1.4. Where possible, in each case below give a proper subcover (i.e.

one which is not the original cover). If this is not possible then prove

it!

(a) {(−n, n) : n ∈ N} for R.

(b) {(x− 2, x+ 2) : x ∈ Z} for R.

(c) {(x− 1, x+ 1) : x ∈ Z} for R.

5.1.5. Consider the Euclidean topology on R.

(a) Give an open cover for (−1, 1) which has no finite subcover.

Prove that no finite subcover exists. Argue by contradiction.

(b) What happens if we try to repeat (a) with (−1, 1) replaced by

[−1, 1]?

5.1.6. Let A have the discrete topology. Prove that a subset of A is

compact iff it is finite.

5.1.7. Give an open cover for R consisting entirely of bounded sets.

Prove that your sets do cover R.

5.1.8. Let V 6= {0} be a normed vector space.

(a) Give an open cover for V consisting entirely of bounded sets.

(b) Prove by contradiction that the cover given in (a) contains no

finite subcover for V .

(c) Can a non-trivial normed vector space ever be compact?
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5.1.9. Suppose an infinite set A is given the finite closed topology.

Show that every subset of A is compact.

Hint: If {Ui : i ∈ I} is an open cover for A then how much of A is

not covered by each Ui 6= ∅?

5.2. It’s the Little Things that Count

The next two theorems allow one to use a given compact set to con-

struct new compact sets. Notice that Theorem 5.1, like Theorems 4.4

and 4.6, concerns the preservation of properties by continuous map-

pings. We express Theorem 5.1 succinctly by saying that the continu-

ous image of a compact set is compact.

Theorem 5.1 (Image of a Compact Set). Let (A, S) and (B,T) be

topological spaces. If f : A → B is continuous and K is a compact

subset of A then f(K) is a compact subset of B.

Proof. Let {Ui : i ∈ I} be an open cover for f(K) so each Ui is

open and f(K) ⊆ ⋃i∈I Ui. Using results from the appendix we obtain

K ⊆ f−1(f(K)) ⊆ f−1(
⋃
i∈I

Ui) =
⋃
i∈I

f−1(Ui)

which shows that {f−1(Ui) : i ∈ I} is a cover for K. As f is continuous

and each Ui is open, each f−1(Ui) is also open.Hence {f−1(Ui) : i ∈ I} is

an open cover for K. Since K is assumed to be compact {f−1(Ui) : i ∈
I} contains a finite subcover for K. This means that K ⊆ ⋃j∈J f

−1(Uj)

for some finite subset J of I. Using results from the appendix again

f(K) ⊆ f

(⋃
i∈J

f−1(Ui)

)
=
⋃
i∈J

f(f−1(Ui)) ⊆
⋃
i∈J

Ui

and so f(K) ⊆ ⋃i∈J Ui where J ⊆ I is finite.

K

  Ui    f(K)

A B

f
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Thus {Ui : i ∈ J} covers f(K) and so the original cover {Ui : i ∈ I}
for f(K) contains the finite subcover {Ui : i ∈ J}. This shows that

f(K) is compact. �

Stated briefly, the next theorem says that closed subsets of compact

sets are compact. We have to be careful what we mean by “closed”

here. For the sake of simplicity we consider the case where the subset

is closed in the “big” space. Other cases will be discussed in Exercise

5.2.12.

Theorem 5.2 (Closed Subsets of Compact Sets). Let (A, S) be a topo-

logical space, let K be a compact subset of A and let L be a subset of

K which is closed in A. Then L is compact.

Proof. See Exercise 5.2.3. �

Although the definition of a compact set in terms of open covers is

technically very useful in proofs it is not of much help if we want to

prove a particular set is compact. We need a way to identify compact

sets. What easily recognisable properties do they have? The next

theorem gives a clue.

We first state a lemma which will be use-

ful in this and many future contexts where

we wish to establish that a particular set is

open. The lemma is illustrated in the di-

agram. You might like to compare the di-

agram and the idea it represents with the

diagram illustrating Definition 2.3.1.

U

x

A

•
Ux

Lemma 5.1 (Patchwork). Let (A, S) be a topological space. Then U is

open iff for all x ∈ U there is an open set Ux such that x ∈ Ux ⊆ U .

Proof. See Exercise 5.2.4. �

Theorem 5.3 (Compactness in Hausdorff Spaces). A compact subset

K of a Hausdorff space (A, S) is closed.

Proof. We will show A\K is open. By 5.1 it suffices to show that

for any y ∈ A \K, there is an open set V such that y ∈ V ⊆ A \K.

As (A, S) is Hausdorff, for each x ∈ K there must exist open sets Ux
and Vx such that x ∈ Ux, y ∈ Vx and Ux ∩ Vx = ∅.
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(We use the subscripts to show that Ux and Vx depend on x.)

Clearly {Ux : x ∈ K} is an open cover for

the compact set K so there exists a finite

set L ⊆ K such that K ⊆ ⋃x∈L Ux.

The set V =
⋂
x∈L Vx is open by Lemma

3.1 and y ∈ V since y ∈ Vx for all x. We

will show by contradiction that V ∩K = ∅.

x

K y

U

V

x

x
•

•

Suppose V ∩K 6= ∅ and let t ∈ V ∩K.

Since t ∈ K ⊆ ⋃x∈L Ux, we have t ∈ Uz

for some z ∈ L.

Since t ∈ V =
⋂
x∈L Vx we have t ∈ Vx for

all x ∈ L. In particular, we have t ∈ Vz.

K y

V

•

But this gives t ∈ Uz∩Vz which contradicts the fact that Uz∩Vz = ∅.

We conclude that V ∩K = ∅ and hence y ∈ V ⊆ A\K as required. �

At least this tells us when a set is not compact. If a subset of a

Hausdorff space is not closed then it is not compact! In a metric space,

we can say a little more.

Theorem 5.4 (Compactness in Metric Spaces). Let (A, d) be a metric

space. All compact subsets of A are closed and bounded.

Proof. See Exercise 5.2.5. �

The converse of 5.4 is not true in all metric spaces. However, for Rn

we have the following important result.

Theorem 5.5 (Heine-Borel). A subset of Rn is compact iff it is closed

and bounded.

Proof. See Exercise 5.2.14 for the case n = 1. Exercise 7.4.11

covers the case n = 2. Other cases are similar. �

As “closed” and “bounded” are often easy to verify, Theorem 5.5

makes the identification of compact subsets of Rn a simple matter.

This result has many important applications in calculus and analysis.

The real starting point for our proof of the Heine-Borel Theorem (and

the hardest part to prove) is the following Lemma.

Lemma 5.2. Let a, b ∈ R with a < b. Then [a, b] is compact.

Proof. See Exercise 5.2.10. �
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Finally, we can answer the question posed in the introduction to this

chapter.

Theorem 5.6 (Extreme Values). Let (A, S) be a topological space and

let f : A→ R be continuous. If K is a compact subset of A then f(K)

contains maximum and minimum elements.

Proof. See Exercise 5.2.6. �

The ideas used in this proof are quite subtle, and typical of the way

compactness is used in metric space proofs. One uses a finite subcover

to obtain a finite set of positive reals which must then have a positive

minimum. This technique is used time and again.

Exercises for Section 5.2

5.2.1. Justify each “=” and “⊆” in equations (1) and (2) in the proof

of Theorem 5.1 by quoting appropriate results from the appendix.

5.2.2. Let K be a compact subset of a Hausdorff space (A, S) and

suppose X is a closed set. Prove, in four lines or less, that K ∩ X is

compact.

5.2.3. Here we prove Theorem 5.2. Let K be compact in A, let L ⊆ K

be closed and let {Ui : i ∈ I} be an open cover for L.

(a) Explain why {Ui : i ∈ I} ∪ {A \ L} is an open cover for K.

(b) Explain why there is a finite J ⊆ I

such that K ⊆ (
⋃
j∈J Uj) ∪ (A \ L).

(c) Explain why {Uj : j ∈ J} is a finite

subcover of the original cover

{Ui : i ∈ I} for L. (i.e., why don’t

we need A \ L?)

L
A

K

Ui

5.2.4. Prove Lemma 5.1. You will need (T2) of open sets.

5.2.5. Prove Theorem 5.4.

Hint: When proving boundedness, use an open cover similar to the

one in Exercise 5.1.8. Proving closure should only take two lines.

5.2.6. Use the result of Exercise 2.3.7 and relevant theorems to prove

Theorem 5.6 in five lines or less.
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5.2.7. Use the Heine-Borel theorem to prove the following.

(a) S1 = {x ∈ R2 : ‖x‖ = 1} is compact in R2.

(b) S2 = {x ∈ R3 : ‖x‖ = 1} is compact in R3.

(c) [−1, 1]× [−1, 1] is compact in R2.

5.2.8. Let f : [a, b]→ R be continuous.

(a) Prove that the map g : [a, b] → R2 : x 7→ (x, f(x)) is also

continuous.

(b) Prove that the graph of f as defined in Exercise 2.5.3 is a

compact subset of R2.

5.2.9. Let (X, S) be a Hausdorff space, K a compact subset of X and

suppose y ∈ X\K. Prove that there exist disjoint open sets U and V

such that y ∈ V and K ⊆ U .

Hint: Modify the proof of Theorem 5.3.

5.2.10 (*). Here we prove Lemma 5.2. Let C = {Ui : i ∈ I} be an

open cover of [a, b] and let

S = {x ∈ [a, b] : There is a finite subcover of C for [a, x]}.

(a) Show S 6= ∅.

(b) Suppose x ∈ S with x < b. Show there is a point x < y ≤ b

such that the same finite subcover covers [a, y]. Hint: By

definition of S there is a finite subcover of C which covers

[a, x]. One of the open sets in this subcover contains x.

(You have proved that if x ∈ S and x < b, there exists

y ∈ S with y > x.)

(c) Let z = sup(S). Use the fact that z ∈ Uk for some k ∈ I to

show z ∈ S.

(d) Use (b) and (c) to show z = b, that is, b ∈ S.

The technique used in this proof is called a “creeping argument”

since part (b) enables us to “creep along” the interval [a,b] verifying

our required result as we go.

5.2.11. Let (X, S) be a Hausdorff space and suppose K and L are

disjoint compact subsets of X. Prove that there exist disjoint open

sets U and V such that K ⊆ U and L ⊆ V . You may use the result of

Exercise 5.2.9.

Hint: Use another modification of the proof of Theorem 5.3.
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5.2.12 (*).

(a) Use Theorem 3.1 to show Theorem 5.2 still holds if we assume

that the set L is closed in K considered as a subspace of A.

(b) Explain why the cases discussed in part (a) of this exercise

and 5.2 turn out to be exactly the same if (A, S) is a Hausdorff

space.

5.2.13. Let (A, S) be a topological space. Suppose f : A → R is a

continuous map and let K be a subset of X such that f(t) > 0 for all

t ∈ K.

(a) Show that if K is compact then there exists δ > 0 such that

f(t) ≥ δ for all t ∈ K. We say that f is bounded away from

zero on K.

(b) Give a specific example which shows that the result in (a) may

not hold if K is not compact.

Hint: Consider continuous maps from R to R.

5.2.14. Use the result of Exercise 5.2.10 and theorems of chapter 6 to

prove the Heine-Borel Theorem for R.

5.2.15. Let C = {(x, y) ∈ R2 : −1 ≤ y + x ≤ 1} and let D = {(x, y) ∈
R2 : −1 ≤ y − x ≤ 1}.

(a) Find a pair of continuous functions f : R2 → R and g : R2 → R
such that C = f−1([−1, 1]) and D = g−1([−1, 1]).

(b) Use the result of Exercise 3.3.7 to show that C ∩D is closed.

(c) Sketch C∩D. Use Theorem 5.5 to show that C∩D is compact.

5.2.16. Use Theorems 2.1, 2.2, 5.5 and Lemma 3.1 to show that the

n-sphere

Sn = {x ∈ Rn+1 : ‖x‖ = 1}
is compact. Do not attempt to prove that Sn is closed by applying the

definition of compactness directly.

5.2.17. Let (A, S) be a Hausdorff topological space and suppose that

Kn is a non-empty compact subset of A such that Kn+1 ⊆ Kn for each

n ∈ N.

(a) Suppose that
⋂
n∈N

Kn = ∅. Show that {A \Kn : n ∈ N} is an

open cover for A and hence for each Kn.
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(b) Use the result of part (a) to obtain a finite subcover for K1 and

show that this leads to a contradiction. Hint: The union of

the elements in the finite subcover can be simplified.

(c) What do you conclude?

5.3. Living on the Edge

When we introduced open and closed sets in a metric space back

in Chapter 2, we made use of your intuition about the points on the

“boundary” of a set without worrying too much about precise defini-

tions. We suggested that a closed set is one which contains all of its

boundary points. Thus given a set which is not closed, or at least, not

known to be closed, we should be able to obtain a closed set by adding

all of the boundary points.

So we seek a definition that “captures” all of the boundary points

of a given set B. Since we want to add them to B to form a closed

set containing B, it won’t matter if our definition also “captures” the

points of B as well. This allows us to proceed by defining a point

of closure of B, which is slightly easier than giving a definition of a

boundary point. We add all points of closure to B to obtain a closed

set called the closure of B.

Closed sets have many, many useful properties. A glance at The-

orems 3.6, 5.2, and 5.5 should convince you of this. Starting with a

set B which is not known to be closed, it is often convenient to find a

closed set containing B, for we may be able to use properties of closed

sets to tell us something about B. The closure of B is generally the

most useful closed set for this purpose because it does not contain any

more elements than necessary.

Our intuitive notion about the boundary points of a set B is that

they live right “on the edge” of B (although not necessarily in B).

We would not, therefore, consider the

point x shown in the first diagram to be a

boundary point of B. It seems to be “too

far away” from B. This intuition seems to

be reinforced by the fact that we are able

to find an open set U around x which does

not intersect B.

A

•
x

B

Open set 

disjoint from B
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On the other hand, we would consider the

point y shown in the second diagram to be

a boundary point of B because it is right

“on the edge” of B. It seems that an open

set U around y would be forced to intersect

B. Our definition is based on this idea.

A

•y

B

Open set must 

intersect B

Definition 5.3.1 (Closure). Let (A, S) be a topological space and let

B ⊆ A. Then x is a point of closure of B iff each open set containing

x intersects B. The set of all points of closure of B is called the closure

of B and is denoted by B.

We should check that this actually gives a closed set containing B!

Theorem 5.7 (Closure). Let (A, S) be a topological space and let B ⊆
A. Then B is a closed set containing B.

Proof. We first need to show that B ⊆ B. But this is easy! For

any x ∈ B and any open set U containing x we have x ∈ U ∩B whence

U ∩ B 6= ∅ and hence x ∈ B. We show that B is closed by showing

that A \B is open.

For any x ∈ A \ B, the negation of Definition

5.3.1 tells us there must be an open set Ux con-

taining x which does not intersect B. Every

point y ∈ Ux must also be in A \ B because

Ux is an open set containing y which does not

intersect B.

•
x

Ux

A

B
y

•

  B 

Hence Ux ⊆ A \ B and it follows that A \ B is open by Lemma

5.1. �

Another way to view the closure is to say that we are trying to form

a closed set containing B by adding as few points as possible to B,

because we add only those points right “on the edge” of B. We only

add those points which we absolutely must. This suggests that in some

sense the closure should be the “smallest” closed set containing B.

So what do we mean by the “smallest” closed set containing B? Con-

sider the intersection K of all of the closed sets containing B. Since

there is always at least one closed set containing B (Which set is this?),

the intersection K must be non-empty. By properties of the intersec-

tion, K is a subset of every closed set containing B and it contains B.
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By Theorem 3.1, K is closed. It therefore makes sense to think of K

as the “smallest” closed set containing B. As one might hope, K turns

out to be the closure of B.

Theorem 5.8 (Smallness of Closure). Let (A, S) be a topological space

and let B ⊆ A. Then B is the intersection of the elements of {C ⊆ A :

C is closed and B ⊆ C}.

Proof. See Exercise 5.3.11. �

In the exercises for this section, we will consider some uses of the

closure.

Example 5.5. In the Euclidean space R we have (0, 1) = [0, 1] and

Q = R.

Example 5.6. In the Euclidean space Rn we have Qn = Rn.

Example 5.7. In R with the discrete topology Q = Q 6= R because

all sets are both open and closed. With this topology we have B = B

for every B ⊆ R.

Example 5.8. In the Euclidean space

R2 we have Br(a) = Br(a) for any a ∈
R2 and r > 0.

•
a r

•
a r

Example 5.9. In Rn we always have

Br(a) = Br(a). This is not true in all met-

ric spaces. In the space

A = [R2 \B1((0, 0))] ∪ {(0, 0)}
with the Euclidean metric, for example,

B1((0, 0)) = S1 ∪ {(0, 0)}
but

B1((0, 0)) = B1((0, 0)) = {(0, 0)}

•
(0,0)

Intuitively, the idea that a set B is dense in another set A means

that wherever we look in A we find elements of B. In topology, we

make this vague idea of “wherever we look” more precise by saying

“whichever non-empty open set we look in ”.

Definition 5.3.2 (Dense Set). We call D a dense subset of a topolog-

ical space (A, S) iff D ∩ U 6= ∅ for every non-empty open set U .
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Example 5.5 shows that (0, 1) is dense in [0, 1] and Q is dense in R
with the Euclidean topology. However Q is not dense in R with the

discrete topology, as Example 5.7 shows. Thus whether or not a set is

dense depends on the topology being considered. In particular, a set

may be dense for one topology and not dense for another topology.

Notice that the definition of density looks a bit like the definition

of a point of closure. There is a very simple connection between these

concepts, as the following (easily proved) theorem makes clear.

Theorem 5.9 (Density and Closure). Let (A, S) be a topological space

and let D ⊆ A. Then D is dense in A iff D = A.

Proof. See Exercise 5.3.12. �

Finally, we need to fulfil a promise. Back in Chapter 2.3, we said we

would give a formal definition of “boundary”.

Definition 5.3.3 (Boundary). In a topological space (A, S), the bound-

ary of a set B is ∂B = B ∩B′; that is, the intersection of the closures

of B and its complement.

A related notion is that of the interior.

Definition 5.3.4 (Interior). In a topological space (A, S), the interior

of a set B is the set B0 of points x ∈ B for which there exists an open

set U ∈ S with x ∈ U ⊆ B.

Theorem 5.10 (Boundary and Interior). Let (A, S) be a topological

space and let B ⊆ A. Then ∂B = B\B0; that is, the boundary is the

complement of the interior in the closure.

Proof. Let x ∈ A. Since ∂B = B ∩ (A\B), we have

x ∈ ∂B ≡ x ∈ B and x ∈ (A\B)

≡ x ∈ B and for every open set U with x ∈ U, we have U ∩ A\B 6= ∅

≡ x ∈ B and for no open set U with x ∈ U, do we have U ⊆ B

≡ x ∈ B and x 6∈ B0

≡ x ∈ B\B0.

Hence ∂B = B\B0. �

Exercises for Section 5.3
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5.3.1. Write down the closure of each of the following subsets of R2.

No reasons are necessary.

R2, (0, 1)× (0, 1), (0, 1)× R+, N× N, Q×Q, N×Q.

5.3.2. Show that a subset B of a topological space is closed iff B = B.

5.3.3. Prove the claims made in Examples 5.5 and 5.6 using Theorem

B.17.

5.3.4. Prove the claims made in Examples 5.8 and 5.9.

5.3.5. Let (A, S) be a topological space, let B ⊆ A and let {xn} be a

sequence in B. Show that any limit of {xn} is contained in B.

5.3.6. Prove that in a metric space, the closure of a bounded set is

bounded.

5.3.7. Let f : Rm → Rn be continuous and let X be a bounded subset

of Rm. Use the result of Exercise 5.3.6 and theorems on compactness

to show that f(X) is bounded.

5.3.8 (*). Let (A, S) and (B,T) be topological spaces, let f : A → B

be continuous and let X ⊆ A. Prove that f(X) ⊆ f(X).

5.3.9 (*). Let (A, S) be a topological space and let C be a connected

subset of (A, S). Show that if C ⊆ X ⊆ C then X is also connected.

5.3.10. Use the result of Exercise 5.3.9 to prove that the following

subspace of R2 is connected.

X = {(x, sin(
1

x
)) : x ∈ (0, 1]} ∪ {(0, y) : y ∈ [−1, 1]}

You may assume that sin and x 7→ 1
x

are continuous.

5.3.11 (*). Prove Theorem 5.8.

5.3.12. Prove Theorem 5.9.

5.3.13. Suppose an infinite set A has the finite closed topology. Use

Theorems 5.9 and 5.8 to prove any infinite subset of A is dense in A.

5.3.14. (a) Give two examples of open dense sets in R2 with the

Euclidean topology. No reasons are required.

(b) Prove that the intersection of two open dense sets is a dense

set. Give a general argument valid for all topological spaces.
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(c) Give an example which shows that the result in (b) does not

hold (in general) if we delete the word “open” from the state-

ment.

5.3.15. Prove Q is dense in R with the half interval topology using

Theorem B.17.

5.3.16 (*). Let (A, S) be a topological space and suppose D is dense

in A. If E is dense in D for the subspace topology on D, show E is

dense in A.

Hint: Be careful with the word “open” as you have two topological

spaces to consider.

5.3.17. Let (A, S) and (B,T) be topological spaces and let f : A→ B

be continuous and onto. Prove that if D is dense in A then f(D) is

dense in B. That is, for continuous onto maps, images of dense sets

are dense.

5.3.18 (*). Let (A, S) be a topological space and suppose B ⊆ A.

Prove that B is dense in B for the subspace topology on B.



CHAPTER 6

If It’s All the Same to You

In various branches of mathematics, particularly algebra, the idea of

a quotient provides a convenient way of constructing and representing

the objects we wish to study. The idea of a quotient is that we start

with some structure and “collapse” chunks of it to form a new one. In

algebra, there are usually very stringent algebraic restrictions on how

we may choose the pieces that are to be collapsed. In group theory,

for example, we can only take a quotient by collapsing the cosets of a

normal subgroup. In topology, there are no such restrictions. Just as

we can treat any piece of a space as subspace, we can also take any

kind of quotient we like. In this chapter we briefly examine how this is

done.

Quotient operations often produce structures we have already seen

before. For example, when we take the quotient of the group Z by

the normal subgroup 2Z the quotient is isomorphic to the well known

group Z2. Similar phenomena occur in topology. Taking quotients

often yields spaces that are essentially the same as spaces we already

know about. Of course, this raises the question as to what we mean by

“essentially the same”.

In most branches of mathematics, there is a notion of equivalence

between the structures being studied. This equivalence gives a way

of determining whether two objects are essentially the same from the

standpoint of that particular branch of mathematics. In group theory,

for example, two groups are structurally identical if they are isomor-

phic. Two isomorphic groups have precisely the same group theoretic

properties. The analogous notion of equivalence between topological

spaces is homeomorphism. Before we develop the idea of a quotient

space, we introduce homeomorphisms. This gives us a means of de-

ciding when the quotients we construct are identical to well known

spaces.

79
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6.1. Exactly the Same

We would like our notion of equivalence between topological spaces

to guarantee that a pair of equivalent topological spaces (A, S) and

(B,T) have “the same” topological properties. For example we would

expect to find that A is connected iff B is connected, A is compact iff B

is compact and so on. We would also like our notion of equivalence to

distinguish between spaces of different cardinality. It would not do, for

example, if our notion of equivalence failed to distinguish between the

subspaces [0, 1] and {0} of R. This suggests that we take a one-to-one

and onto map as the starting point for our notion of equivalence.

Suppose A and B have the same cardinality and let h be a one-to-

one mapping of A onto B. Then h defines a one-to-one correspondence

between elements of A and B. But h also defines the following two

correspondences between subsets of A and subsets of B.

(i) U ↔ h(U) for U ⊆ A and (ii) V ↔ h−1(V ) for V ⊆ B

Since topological properties are generally expressed in terms of open

sets, it seems reasonable to insist that if h is to be our notion of equiva-

lence, then these two correspondences should “respect” open sets. That

is, we would insist that the following two conditions hold.

(a) If U is open, then so is h(U)

(b) If V is open, then so is h−1(V )

We hope that this will ensure that our equivalence preserves topo-

logical properties. By Definition 3.3.2, condition (b) just says that h is

continuous. It is also convenient to have a name for those maps which

satisfy condition (a), i.e., those which map open sets to open sets.

Definition 6.1.1 (Open/Closed Mappings). Let (A, S) and (B,T) be

topological spaces. A mapping h : A→ B is said to open (resp. closed)

if h(U) is open (resp. closed) in B for all open (resp. closed) U in A.

We are now in a position to define our notion of equivalence.

Definition 6.1.2 (Homeomorphisms). Let (A, S) and (B,T) be topo-

logical spaces. A mapping h : A→ B is called a homeomorphism from

A to B if it is one-to-one, onto, open and continuous. If such a map

exists we say that (A, S) and (B,T) are homeomorphic.
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Since homeomorphisms are one-to-one and onto, we can always be

sure that the inverse map h−1 is well defined. This gives us an alter-

native way of saying that homeomorphisms are open mappings.

Theorem 6.1 (Homeomorphism). A continuous one-to-one and onto

mapping is a homeomorphism iff its inverse is continuous.

Proof. Exercise 6.1.1. �

Just in case you were wondering whether continuity of the inverse is

really necessary, the following example shows that a continuous, one-

to-one and onto map need not have a continuous inverse.

Example 6.1. It is well known that

f : [0, 2π)→ S1 : t 7→ (cos(t), sin(t))

is continuous, one-to-one and onto. Its inverse fails to be continuous

at (1, 0).

Fortunately however, there are some general conditions under which

the inverse is automatically continuous. The most useful is given by

the following theorem.

Theorem 6.2 (Continuity of Inverse). Let (A, S) and (B,T) be topo-

logical spaces and let h : A → B be continuous, one-to-one and onto.

If A is compact and B is Hausdorff, then h is a homeomorphism.

Proof. See Practice Class 9. �

Thus (A, S) and (B,T) are homeomorphic topological spaces iff there

exists a one to one mapping h of A onto B such that both h and h−1

are continuous.

Exercises for Section 6.1

6.1.1. Prove Theorem 6.1.

6.1.2. Show that the map id2 : R→ R is not an open mapping.

Hint: Consider the image of an open set containing 0.

6.1.3. Let (A, S) and (B,T) be topological spaces and let D be dense

in B. Show that if f : A → B is an open mapping then f−1(D) is

dense in A. Do not assume that f is one-to-one, that is, do not assume

that f−1 exists as a map.

Thus for open mappings, preimages of dense sets are dense sets.
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6.2. Properties, Properties, Properties

As Exercise 6.2.1 shows, many important properties of topological

spaces are preserved by homeomorphisms. These include connected-

ness, compactness, path connectedness and second countability. In

fact, of the properties discussed in these notes, it is precisely those

which can be defined entirely in terms of open sets that are preserved

by homeomorphisms. On the other hand, those which can only be

defined with the help of a metric, however, need not be preserved by

homeomorphisms.

Example 6.2. Consider the Euclidean spaces R and (−π
2
, π
2
). The

map arctan : R → (−π
2
, π
2
) is one to one, onto and continuous with

continuous inverse tan |(−π
2
,π
2
).

Hence arctan is a homeomorphism and so R and (−π
2
, π
2
) are homeo-

morphic spaces. Thus a proper subspace can have the same topological

properties as the “whole space”! However, (−π
2
, π
2
) is a bounded metric

space, but R is not. Thus boundedness is not preserved by homeomor-

phisms.

Definition 6.2.1 (Topological Property). A property of a topological

space (A, S) is called topological iff it is shared by any other space

which is homeomorphic to (A, S).

We have just seen that boundedness is not a topological property.

Example 6.3. Let S1 be the Half-interval topology on R and let S2

be the topology on R defined in Exercise 3.2.2 The map −id : R →
R : x 7→ −x is one-to-one and onto and has the curious property of

being its own inverse. One may show that −id is open and continuous

with respect to these topologies (Exercise 6.2.3). Thus −id is a homeo-

morphism and (R, S1) and (R, S2) are homeomorphic topological spaces

although S1 and S2 do not contain the same sets. This corresponds to

our intuition that the spaces (R, S1) and (R, S2) have the same struc-

ture and that the open sets in one space are just “mirror images” of

those in the other.
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It is often said that topology is the study of “rubber sheet geometry”

and that in topology we are interested in properties that are preserved

when a space is “distorted” without being torn or pierced. Ideas of this

kind really belong to the subject of geometric topology and are tackled

using the concept of homotopy rather than the concept of homeomor-

phism. Nonetheless, these notions can be used (with caution!) to aid

our intuition about whether or not spaces are homeomorphic.

Example 6.4. It seems plausible that an annulus in R2 is homeomor-

phic to a cylinder in R3 since it seems we can “distort” one into the

other.

We will show that these spaces are homeomorphic in Exercise 6.2.6.

Thus from a topological point of view, these two spaces can be regarded

as the same. The “big” spaces R2 and R3 in this example are not

homeomorphic to each other, but this does not stop the subspaces

from being homeomorphic.

In general, the problem of showing that spaces are not homeomorphic

is much more difficult than the problem of showing that spaces are

homeomorphic. To prove that spaces are homeomorphic, one only

needs to find a particular homeomorphism between them. To prove

that spaces are not homeomorphic, on the other hand, one must come

up with a general argument as to why no homeomorphism can exist.

The simplest approach to this problem is to show that one space has a

particular topological property while the other does not. For example,

one can show that the spaces [0, 1] and R are not homeomorphic using

the fact that [0, 1] is compact but R is not. You will use this technique

in Exercise 6.2.2.

This problem of determining which spaces are homeomorphic to one

another is often called, not surprisingly, the homeomorphism problem.

It is a central problem of geometric topology, where a beautiful solution
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is known for two dimensional surfaces such as spheres, tori, annuli

and so on. There is a great deal of interest in the study of higher

dimensional analogues of surfaces.

The homeomorphism problem is also the main focus of algebraic

topology. This branch of topology attempts to solve the homeomor-

phism problem by associating algebraic structures (usually groups)

with spaces in such a way that these structures are preserved by home-

omorphisms. In this way, one can be sure that spaces giving rise to

different algebraic structures cannot be homeomorphic to one another.

Exercises for Section 6.2

6.2.1. Let (A, S) and (B,T) be homeomorphic spaces. In each case

show that if (A, S) has one of the following properties then (B,T) has

the same property. (That is, prove they are topological properties.)

(a) compact (b) disconnected (c) connected

(d) second countable (e) Hausdorff.

6.2.2. In each case below intervals are considered to be subspaces of

R with the Euclidean topology. Prove the following:

(a) (−1, 1) and R are homeomorphic.

(b) [−1, 1] and R are not homeomorphic.

(c) (−1, 1] and R are not homeomorphic.

(d) (a, b) and (c, d) are homeomorphic for all a < b and c < d.

6.2.3. Let (R, S1) and (R, S2) be the spaces defined in Example 6.3.

Prove carefully that the map −id is continuous and open when consid-

ered as a map from (R, S1) to (R, S2).

6.2.4. Let (R, S1) and (R, S2) be the spaces defined in Example 6.3.

(a) Show that −2id is a homeomorphism from (R, S1) to (R, S2).

(b) (*) Which other maps from (R, S1) to (R, S2) do you think will

be homeomorphisms?

6.2.5. Let f : [0, 2π)→ S1 : t 7→ (cos(t), sin(t)).

(a) Explain why f is continuous, one-to-one and onto.

(b) Explain why f is not a homeomorphism.

6.2.6 (*). Consider the annulus A = {(x, y) ∈ R2 : ‖(x, y)‖ ∈ [1, 2]} in

R2 and the cylinder C = {(u, v, w) ∈ R3 : u2 +v2 = 1 and w ∈ [0, 1]} in
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R3. (These are specific instances of the annuli and cylinders discussed

in Example 6.4.) Show that the following map is a homeomorphism.

h : A→ C : (x, y) 7→ (
x

‖(x, y)‖ ,
y

‖(x, y)‖ , ‖(x, y)‖ − 1).

Hint: Drawing a diagram of R3 including C and with a copy of A

lying in the x-y plane may help you to visualise the action of h.

6.3. Divide And Conquer

We now introduce a very important notion. Suppose we have a

topological space (A, S), a set B and a map f : A → B. Recall from

Chapter 3.4 that the set If = {U ⊆ B : f−1(U) ∈ S} is a topology on

B, called the final topology, which makes f continuous.

Definition 6.3.1 (Quotient Topology). Let (A, S) be a topological space,

let B be a set and let π : A → B be an onto map. The final topology

Tπ is called the quotient topology on B. The space (B,Tπ) is called

a quotient of (A, S), and when there is no possible confusion about the

topology, B is called a quotient of A. The map π is called the quotient

map (it is sometimes also called the natural projection map).

Example 6.5. The map π : R2 → R : (x, y) 7→ x is the orthogonal

projection onto the x-axis; it is an onto map and so the Euclidean

topology on R2 defines a quotient topology on R.

Example 6.6. The map f : R → S1 : x 7→ e2πxi is onto and so the

Euclidean topology on R defines a quotient topology on S1.

One of the main ways of producing quotient spaces is to use par-

titions. The idea here is to “collapse together” whole chunks of the

space we started with to obtain a new space. The examples of this sec-

tion should make it clear why this is a useful technique. We formalise

this idea by taking a partition of the original space and making it into

a space by defining a natural topology on the partition. Whenever

we have a partition P of A, condition (ii) of Definition 1.3.1 may be

rewritten in contrapositive form as

(ii)′ (∀B,C ∈ P) B ∩ C 6= ∅⇒ B = C

Condition (i) of Definition 1.3.1 guarantees the existence of a map

π : A → P such that x ∈ π(x). Condition (ii) shows that this map
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π is onto and condition (ii)′ shows that π is unique. Thus, we have a

naturally defined onto map π : A→ P.

Definition 6.3.2 (Quotient Topology Defined by a Partition). Let

(A, S) be a topological space and let P be a partition of A. Then the

quotient topology on P is the quotient topology determined by the map

π defined above.

x
x( )π

In fact, all quotient topologies can be defined this way. Indeed, if

one is given an onto map π : A→ B to some set B, then π determines

a partition P of A:

P := {π−1({x}) : x ∈ B}.
There is a third equivalent way of understanding quotients: this

is by equivalence relations. (see Chapter 1.3). Given an equivalence

relation ∼ on a set A and x ∈ A, the equivalence class [x] is the

set [x] := {y ∈ A : y ∼ x}. Clearly, the set of equivalence classes

forms a partition of A. Conversely, given a partition P of A, there is a

corresponding equivalence relation: we set x ∼ y if x, y belong to the

same part of P.

Whether we use partitions or equivalence classes, we often think of

a quotient as identifying certain points in the space A or, to put it

another way, collapsing certain subsets to points.

Example 6.7. Let A = [0, 2π]

P = {{0, 2π}} ∪ {{x} : x ∈ (0, 2π)}.
This quotient identifies the endpoints of A.

0 2π

A •0=2π
B

The quotient in Example 6.7 is often described simply by saying that

it identifies the endpoints 0 and 2π of [0, 2π]. This standard shortcut is
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often used to define quotients. One states which points do get identified

and it is implicitly assumed that the other points are not identified.

This particular quotient space is homeomorphic to S1. (Exercise 6.3.1)

The Quotient Game

I’ll wager that you already have fairly good intuition about simple

quotient spaces. To test this, we play a simple game. I give you

a space and I describe a quotient by telling you which points are

identified. You decide which well known space is homeomorphic

to this quotient. Try this with the following examples.

Example 6.8. The closed ball B1((0, 0)) in R2 with all points on

the “boundary” circle S1 identified.

Example 6.9. [0, 1] with all points in [0, 1
2
] identified.

Example 6.10. The closed square [0, 1]×[0, 1] in R2 with all pairs

of points of the form {(0, y), (1, y)} identified.

Example 6.11. The closed square [0, 1]×[0, 1] in R2 with all pairs

of points of the form {(0, y), (1, 1 − y)} identified. (This one is a

little tricky.)

Example 6.12. The closed square [0, 1] × [0, 1] in R2 with pairs

of points of the forms {(0, y), (1, y)} and {(x, 0), (x, 1)} identified.

How did you score? Apart from the slightly tricky Example 6.11,

I wouldn’t be surprised if you got them all right.

The natural projection π is a continuous map from A onto the quo-

tient space P. Combining this fact with Theorems 4.4, 4.6 and 5.1 gives

the following result.

Theorem 6.3 (Properties of Quotients). Let P be any quotient of a

topological space (A, S). Then

(a) If A is connected, so is P.

(b) If A is path connected, so is P.

(c) If A is compact, so is P.

Unfortunately, the same is not true for separation properties. In

general, there is no reason to expect a quotient of a Hausdorff space to
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be Hausdorff. Moreover, a non-Hausdorff space can have a Hausdorff

quotient. Moreover, the natural projection map π may fail to be open

or closed. Nevertheless, there are some partial results.

Definition 6.3.3. Let B be a quotient of a topological space (A, S) and

let π : A → B denote the natural projection. We say that a subset

U ⊆ A is π-saturated if π−1({z}) ⊆ U for all z ∈ π(U).

Theorem 6.4 (π-saturated open sets). For all open π-saturated sets

U ⊆ A, the image π(U) is open in B.

Theorem 6.5 (Hausdorff Quotients). Let (A, S) be a topological space,

and let π : A→ B be a continuous onto map, where B is equipped with

the quotient topology Tπ. If (B,Tπ) is Hausdorff, then for all x ∈ B,

the set π−1({x}) is closed.

Proof. See Exercise 6.3.6. �

A map which is “well behaved” with respect to a quotient induces a

natural map on the quotient.

Lemma 6.1. Let B be a quotient of a space (A, S), let (Y,T) be a

topological space and let f : A→ Y be a continuous map satisfying

π(x) = π(y)⇒ f(x) = f(y).

Then h : B → Y : π(x) 7→ f(x) is well defined and continuous. More-

over, if f is onto, so is h.

Proof. See Exercise 6.3.4. �

Exercises for Section 6.3

6.3.1. Consider the partition

P = {{x} : x ∈ (0, 2π)} ∪ {{0, 2π}}
of the interval [0, 2π]. Let Tπ denote the quotient topology. Show that

(P,Tπ) is homeomorphic to S1.

6.3.2. Prove your guess in the “Quotient Game” Example 6.9.

6.3.3. Prove your guess in the “Quotient Game” Example 6.8.
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6.3.4. Prove Lemma 6.1.

6.3.5. Consider the partition P = {[0, 1), [1, 2]} of the space [0, 2].

(a) Write down all of the open sets in the quotient space (there

are only finitely many of them).

(b) Use your answer to part (a) to show that the quotient space is

not Hausdorff.

6.3.6. Prove Theorem 6.5. [Hint: Use Exercise 3.3.7.]





CHAPTER 7

Excellent Products

We could obtain lots of useful examples of new topological spaces if,

given topological spaces (A, S) and (B,T), we could define a topology

on the Cartesian product A×B in some “natural” way using the topolo-

gies of A and B. In this chapter, we shall see the standard method of

defining such a product topology.

Of the spaces we have considered to date, the only ones which can

be easily expressed as Cartesian products are the subspaces of R2 of

the form A × B for A,B ⊆ R. (Putting A = B = R, shows that R2

itself is of this form.) We can regard these spaces as “test cases” for

the reasonableness of our definition. One would expect the product

topology on A × B to agree with the subspace topology induced on

A×B by the Euclidean topology on R2. Indeed it will.

Although we could proceed directly to the definition of a product

topology without further ado, the task is will be much easier if we first

study the concept of a base for a topological space. A base is a sets

of open sets in a space which has the convenient property that can be

used to construct all of the non-empty open sets in the space by taking

unions.

This may sound a bit strange at first, but we have already seen

examples of bases for topological spaces. For example, any non-empty

set in a metric space can be expressed as a union of open balls, so

the open balls are “basic” open sets from which we can “construct”

all of the other non-empty open sets. Thus the open balls form a base

for any metric space. Similarly sets of the form [a, b) form a base for

the half interval topology on R. In both of these examples the basic

open sets are in some sense “simpler” or easier to work with than more

general open sets. This is often the case with bases. For this reason,

the concept of a base often leads to easier proofs of topological results

once a bit of machinery for working with them has been developed.

91
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7.1. It’s Pretty Basic Really

The idea expressed in the preamble to this chapter of a base as a

set of open sets from which all of the non-empty open sets can be

constructed by taking unions leads directly to a definition.

Definition 7.1.1 (Base). Let (A, S) be a topological space and suppose

B ⊆ S. Then B is called a base (or an open base) for the topology S

if every non-empty open set in S can be expressed as a union of sets

from B.

As we will see, bases are not necessarily unique. A topological space

typically has many bases. We choose to use a particular base for its

simplicity or its suitability for a particular purpose. Where there is no

potential for confusion about which base we are talking about we often

refer to the elements of the base we are using as basic open sets.

Example 7.1. Let [A, d] be a metric space. The following sets of open

balls are bases for the metric topology on A.

B1 = {Br(x) : r ∈ R+ and x ∈ A}
B2 = {Br(x) : r ∈ Q+ and x ∈ A}

Example 7.2. Let S be the Euclidean topology on R. The following

sets of open intervals are bases for S.

B3 = {(a, b) : a < b ∈ R}
B4 = {(a, b) : a < b ∈ Q}

Example 7.3. B5 = {[a, b) : a < b ∈ R} is a base for the half interval

topology on R.

Notice that the base B4 for the Euclidean topology on R contains

countably many sets because there is a one to one correspondence be-

tween intervals (a, b) in B4 and a subset of points (a, b) in Q × Q.

Topological spaces that possess countable bases are important enough

to attract special attention.

Definition 7.1.2 (Second Countable Spaces). A topological space (A, S)

is called second countable if there exists a countable base for S.

Second countable spaces are sometimes known as C2 spaces or are

said to satisfy the second axiom of countability. (In case you are won-

dering about first countable or C1 spaces, they are discussed in Exercise
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7.1.9. We don’t want to introduce more new concepts than necessary

at this stage.)

Example 7.4. The Euclidean space Rn is second countable. (See Ex-

ercise 7.1.4.)

To prove that a given space is second countable it suffices to find a

particular countable base. While this is not always easy, it is generally

easier than proving that a space is not second countable. In this case,

one must come up with a general argument to show that no countable

base exists.

Example 7.5. The real line with the half interval topology is not

second countable. (See Exercise 7.1.5.)

Exercises for Section 7.1

7.1.1. Show B = {B 1
n
(x) : x ∈ A, n ∈ N} is a base for the metric

topology on (A, d).

7.1.2. Let (A, S) be a topological space, let X ⊆ A and let f : X → A.

(a) Show that T = {f−1(V ) : V ∈ S} is a topology on X.

(b) Show that if B is a base for S then C = {f−1(V ) : V ∈ B} is a

base for T.

7.1.3. Use Theorem B.17 to prove that B = {(a, b) : a, b ∈ Q, a < b}
is a base for the Euclidean topology on R.

7.1.4. (Separable Spaces) A topological space (A, S) is said to be

separable iff A contains a countable dense set.

(a) Show that every second countable topological space is separa-

ble.

Hint: Given a countable base, you can construct a dense

set by choosing one point from every basic open set.

(b) (*) Prove that any separable metric space is second countable.

Hint: If D is a countable dense subset of your space, you

can construct a countable base by taking the balls of rational

radius about the points of D. You will need to use the triangle

inequality when proving that this really is a base.

(c) Use part (b) and 5.3.3 to show that Rn is second countable.
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7.1.5 (*). In this exercise, we prove that R with the half interval topol-

ogy S is not second countable. Suppose B is a base for S.

(a) Explain why [x, x+ 1) ∈ S for all x ∈ R.

(b) Use the definition of a base to show that for all x ∈ R there

exists Bx ∈ B such that x ∈ Bx ⊆ [x, x+ 1).

(c) Prove that x 6= y ⇒ Bx 6= By.

Hint: Get some ideas from a diagram!.

(d) Explain why B must be uncountable.

7.1.6. Let (A, S) be a topological space with base B. Show that if

B ⊆ C ⊆ S, then C is also a base for S.

7.1.7.

(a) Use the result of Exercise 2.2.4 to show that for any open set

U in R2 and any (x, y) ∈ U there is an s > 0 such that

(x− s, x+ s)× (y − s, y + s) ⊆ U.

Hint: Apply the definition of an open set and then draw

a picture.

(b) Use part (a) and the result of Exercise 2.3.9(a) to show that

B = {(a, b)× (c, d) : a, b, c, d ∈ R, a < b, c < d}

is a base for the Euclidean topology on R2.

7.1.8. Use the results of Exercises 5.3.15, 7.1.4 and 7.1.5 to show that

the half interval topology on R is not metrizable.

7.1.9. (First Countable Spaces.) Let (A, S) be a topological space

and let x ∈ X. A set X of open sets containing x is called a base of

open sets at x iff for any open set W containing x, there exists U ∈ X

such that x ∈ U ⊆ W .

The space (A, S) is said to be first countable or C1 iff each point in

A has a countable base of open sets.

(a) Prove that X = {Br(x) : r ∈ Q+} is a base base of open sets

at a point x in a metric space [A, d].

(b) Prove that every second countable space is first countable.

(c) Prove that R with the half interval topology is a first countable.

(d) Give an example of a first countable space that is not a second

countable space. Explain.
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(e) Prove that any single point set in a first countable Hausdorff

space is the intersection of a countable family of open sets.

7.2. Life Is So Easy Now

Proofs involving open sets can often be turned into proofs involving

only basic open sets. Since we typically look for a base consisting of

sets which are easy to work with, this often makes the proofs easier.

Of course, we need to choose our base carefully. We now give some

results which can make it easier to prove the kind of things which one

frequently needs to prove in topology.

Lemma 7.1. Let (A, S) be a topological space with base B. A subset

K of A is compact iff every open cover of K consisting of elements of

B has a finite subcover.

Proof. See Exercise 7.2.5 �

(We say that a set is compact iff every basic open cover has a finite

subcover.)

Lemma 7.2. Let (A, S) be a topological space with base B and let

B ⊆ A. Then x ∈ B iff every element of B containing x intersects B.

Proof. See Exercise 7.2.1. �

Lemma 7.3. Let (A, S) and (B,T) be topological spaces and let B be

a base for T. A map f : A→ B is continuous iff the preimage of every

element of B is open.

Proof. See Exercise 7.2.2. �

(We say that a map is continuous iff the preimage of every basic open

set is open.)

Lemma 7.4. Let (A, S) be a topological space with base B. Then B is

dense in A iff U ∩B 6= ∅ for every non-empty U ∈ B.

Proof. See Exercise 7.2.3. �

This next lemma gives a handy technique for proving a set is open,

because it enables one to restrict attention to basic open sets which

are generally easier to work with. There are many more results of a

similar type to the above lemmas. (Try inventing and then proving one

of your own!)
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Lemma 7.5. Let B be a base for some topological space (A, S) and let

X be any subset of A. Then C = {U ∩ X : U ∈ B} is a base for the

subspace topology on X.

Proof. See Exercise 7.2.4. �

As the next theorem shows, this lemma extends the range of spaces

known to be second countable well beyond those given in Example 7.4.

Theorem 7.1 (Second Countability of Subspaces). Let (A, S) be a

second countable topological space. Then every subspace X of A is

second countable.

Proof. Let B be a countable base for A. Then C = {U ∩X : U ∈
B} is a base for the subspace topology on X by Lemma 7.5. The result

follows since C is clearly countable. �

Exercises for Section 7.2

7.2.1. Prove Lemma 7.2.

7.2.2. Prove Lemma 7.3.

7.2.3. Prove Lemma 7.4.

7.2.4. Prove Lemma 7.5.

7.2.5 (*). Prove Lemma 7.1.

7.2.6. Let (A, S) and (B,T) be topological spaces and let B be a base

for S. Show that f : A → B is an open mapping iff f(U) is open for

every U ∈ B. That is, the image of every basic open set is open.

7.3. Even Topology is Easy

When we defined the topology of a metric space back in section one,

we did so by first defining our basic open sets to be the open balls. We

then defined the open sets in such a way as to be unions of open balls.

One can define the half interval topology on R in a similar fashion by

first defining intervals of the form [a, b) to be the basic open sets and

then declaring the open sets to be those obtained by taking unions of

basic open sets. In fact, these two steps are very often used to define

a topology:
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(a) Define a set of basic open sets.

(b) Declare the open sets to be those obtained by taking unions of

the basic open sets.

But there could be a problem. Suppose we have a set A and a set

B of subsets of A. There is no guarantee that B will be a base for any

topology at all on A. Exercise 7.3.4 includes examples of sets which

cannot be a base for any topology whatsoever. We would like to know

what properties the sets in B must have if they are to be a base for

some (as yet unknown) topology on A. Once we know B is a base for

some topology on A we can easily discover the “unknown” open sets

of the topology by taking unions of sets in B. We sometimes say that

B generates the topology on A.

Theorem 7.2 (Base for Something). Let B be a set of subsets of A.

The set B is a base for some topology on A iff the following conditions

hold:

(a) The union of all sets from B is A.

(b) The intersection of any two sets in B is either empty or a

union of sets from B.

If these conditions hold and S is the set of all unions of sets from B

then S is a topology on A and B is a base for S.

Proof. We show (a) and (b) imply that S is a topology on A and

B is a base for S. The converse is Exercise 7.3.1.

(1) From our discussion of empty unions ∅ ∈ S and A ∈ S by (a),

so property (T1) of open sets holds.

(2) Let {Ui : i ∈ I} ⊆ S. By definition of S, each Ui is a union of

sets from B. Since a union of a union is again a union,
⋃
i∈I Ui is also a

union of sets from B. Thus
⋃
i∈I Ui ∈ S, so property (T2) of open sets

holds.

(3) Let U and V be non-empty members of S. By the definition of S

we have U =
⋃
i∈I Bi and V =

⋃
j∈J Bj where Bi and Bj are members

of B for all i ∈ I and j ∈ J . Using a generalized distributive law of set

theory

U ∩ V =

[⋃
i∈I

Bi

]
∩
[⋃
j∈J

Bj

]
=

⋃
(i,j)∈(I×J)

(Bi ∩Bj).
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By (b), Bi ∩Bj is a union of sets from B for all (i, j) ∈ I × J . Hence

U ∩ V is a union of sets from B and so U ∩ V ∈ S. Hence property

(T3) of open sets holds.

Thus (A, S) is a topological space and B is a base for S. �

Sometimes a set B of subsets of A satisfies condition (b) of Theorem

7.2 in a particularly simple way. Suppose that whenever U, V ∈ B we

have either

U ∩ V = ∅ or U ∩ V ∈ B.

Then B satisfies condition (b) of 7.2 as the intersection of any pair

of sets in B is union of sets from B with either an empty index set

or a singleton index set. This is often the way condition (b) holds in

applications of this theorem. For instance, both of the bases B3 and

B4 for the Euclidean topology on R given in Example 7.2 work this

way

The diagram illustrates why things do not

work this way when we take the set of all

open balls as a base for R2. Note that al-

though the intersection of two open balls

is not an open ball, it can be expressed as

a union of smaller open balls.

•
•

••
a

ε •
b
ε

Intersection of two open balls is 

a union of smaller open balls.

On the other hand, the set of all “open rectangles” of the form

{(a, b)× (c, d) : a, b, c, d ∈ R}

is a base for R2 which is closed under intersections. (Can you prove

these claims?)

Example 7.6. The following sets of subsets of R satisfy the conditions

of Theorem 7.2 and so form bases for topologies S1 and S2 on R. In fact,

they satisfy the condition given in the comments immediately following

Theorem 7.2.

B1 = {[a, b) : a < b ∈ R}
B2 = {(a, b] : a < b ∈ R}

Clearly S1 is the half interval topology on R and S1 is the topology

on R defined in Exercise 3.2.2. However S1 6= S2 since, for example,

[0, 1) ∈ S1 but [0, 1) /∈ S2.
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Exercises for Section 7.3

7.3.1. Complete the proof of Theorem 7.2 by showing that if B is a

base for some topology S on A then conditions (a) and (b) hold.

7.3.2. Use Theorem 7.2 and the basic properties of a metric to show

that the set of all open balls in a metric space is a base for a topology.

Hint: Read the comments before Example 7.6.

7.3.3. In each case below explain why the given set of sets is a base

for a topology. Where possible name the topology. (Have we given it

a name?)

(a) All finite subsets of a given set A.

(b) All countable subsets of a given set A.

(c) All subsets with finite complements in a given set A.

(d) {{x ∈ R : a < x < b} : a, b ∈ R}.
(e) {{x ∈ R : a ≤ x < b} : a, b ∈ R}.
(f) {{x ∈ R : a < x ≤ b} : a, b ∈ R}.
(g) {{(x, y) ∈ R2 : a < x < b and y = c} : a, b, c ∈ R}.
(h) {{(x, y) ∈ R2 : a < x < b and c < y < d} : a, b, c, d ∈ R}.

Hint: Look at the examples given in this chapter.

7.3.4. Use Theorem 7.2 to decide which of the following sets of subsets

of R are bases for some topology on R. Proofs are not required - just

give brief reasons.

(a) B1 = {(a, b) : a, b ∈ R and − 100 < a < b < 100}
(b) B2 = {[a, b) : a, b ∈ R and a < b}
(c) B3 = {[a, b] : a, b ∈ R and a < b} (be careful!)

(d) B4 = {[a, b] : a, b ∈ R and a ≤ b}
(e) B5 = {(−n, n) : n ∈ Z}
(f) B6 = {[−n, n] : n ∈ Z}

7.3.5. Use Theorem 7.2 to decide which of the following sets of subsets

of R2 are bases for some topology on R2. Proofs are not required - just

give brief reasons.

(a) B1 = { {x} × R : x ∈ R}
(b) B2 = { R× {y} : y ∈ R}
(c) B3 = B1 ∪B2

(d) B4 = { (a, b)× R : a, b ∈ R and a < b}
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(e) B5 = { R× (a, b) : a, b ∈ R and a < b}
(f) B6 = B4 ∪B5

(g) B7 = { (a, b)× (c, d) : a, b, c, d ∈ R and a < b, c < d}
Hint: Draw pictures!

7.3.6. Let (A, S) and (B,T) be a topological spaces, let C be a base

for T and let f : A→ B be continuous.

(a) Use Theorem 7.2 to show that B = {f−1(V ) : V ∈ C} is a base

for a topology S′ on A.

(b) Show that S′ ⊆ S. (We say that S is finer than S.)

(c) (*) Give a counterexample to show that S′ and S need not be

equal.

Hint: Let S be the discrete topology on some set which

has another well known topology.

7.4. A Product of the Times

Given topological spaces (A, S) and (B,T), we will define a topology

on the Cartesian product A×B in a “natural” way using the topologies

of A and B. The product topology on R2 obtained by putting A =

B = R can be regarded as a “test case” for the reasonableness of our

definition. We expect this product topology on R2 to agree with the

Euclidean topology on R2.

Exercise 2.3.9 shows that we can get some

of the open subsets of R2 - namely the open

rectangles - by taking Cartesian products

of open intervals.

a

d

c

b

(a,b)  × (c,d) 

In fact, every open subset of R2 can be ob-

tained by taking unions of sets of the form

(a, b)×(c, d). Thus the set of all such open

rectangles is a base for the usual topology

on R2. This can be proven using the Ev-

ery Ball Contains a Box Theorem (Exer-

cise 2.2.4).

U
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The diagram illustrates how this is done.

For x in the open set U , there is an r > 0

such that Br(x) ⊆ U and by the Every

Ball Contains a Box Theorem, there is a

box Ux = (a, b)× (c, d) such that x ∈ Ux ⊆
Br(x) ⊆ U . One then applies Lemma 5.1.

•

U

x

r

(a,b)  × (c,d) 

In fact {U × V : U, V open in R} is also a (bigger) base for the

usual topology on R2 by Exercise 7.1.7. This idea can be generalized

to give a base for a topology on the Cartesian Product of any pair

of topological spaces (A, S) and (B,T). We need to check that this

always works. Before attempting to read the next proof, you should

make sure you understand the material on cartesian products in the

appendix, particularly Lemma 1.2.

Lemma 7.6. Let (A, S) and (B,T) be topological spaces. Then the set

B = {U × V : U ∈ S, V ∈ T} is a base for a topology on A×B.

Proof. We check conditions (a) and (b) of Theorem 7.2.

(a) A ∈ S and B ∈ T so A × B ∈ B. Hence the union of all sets in

B is A×B.

(b) Let U ×V,G×H ∈ B. By property (T3) of open sets U ∩G ∈ S

and V ∩H ∈ T so by Lemma 1.2

(U × V ) ∩ (G×H) = (U ∩G)× (V ∩H) ∈ B.

Hence the intersection of any two members of B is in B so condition

(b) holds. �

Definition 7.4.1 (Product Topology). The topology generated by the

base given in Lemma 7.6 is called the product topology on A×B.

We will always suppose that product spaces have this “natural” prod-

uct topology unless specifically stated otherwise. Although these prod-

uct spaces may seem rather abstract, they often “live” in more familiar

settings.

Example 7.7. We can view [0, 1]×S1 as a cylinder in R3 or an annulus

in R2. In fact, [0, 1] × S1 is homeomorphic to any such cylinder or

annulus. Some special cases are considered in Exercise 7.4.7.
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For (x, y) ∈ [0, 1] × S1, one can think of x as the “coordinate” of

(x, y) in the vertical direction on the cylinder pictured here or the

“radial coordinate” of (x, y) in the annulus in the picture. One can

think of y as the “coordinate” of (x, y) in the “circular” direction on

the cylinder or the annulus.

Example 7.8. We can view S1 × S1 as a

torus in R3. It can be shown that S1 × S1

is homeomorphic to any such torus. For

(x, y) ∈ S1 × S1, one can think of x and y

as the “coordinates” of (x, y) in the each

of the “circular” directions on the torus in

the picture.

When the codomain of a map is a product space, we may break the

map into component maps.

Definition 7.4.2 (Components and Projections). The maps pA : A×
B → A : (x, y) 7→ x and pB : A × B → B : (x, y) 7→ y are called

projections. If f : X → A × B the component maps of f are fA :=

pA ◦ f and fB := pB ◦ f

In other words, f(x) = (fA(x), fB(x)) for all x ∈ X. This leads to

a convenient way of characterizing continuity for maps into product

spaces.

Theorem 7.3 (Continuity via Components). Let (X,R), (A, S) and

(B,T) be topological spaces and suppose f maps X into A × B. Then

f = (fA, fB) is continuous iff fA : X → A and fB : X → B are

continuous.
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Proof. (Part only) Suppose fA and fB are continuous. Let U ×V
be a basic open set in A×B.

x ∈ f−1(U × V )⇔ f(x) ∈ U × V
⇔ (fA(x), fB(x)) ∈ U × V
⇔ fA(x) ∈ U and fB(x) ∈ V
⇔ x ∈ f−1A (U) and x ∈ f−1B (V )

⇔ x ∈ f−1A (U) ∩ f−1B (V ).

Hence f−1(U×V ) = f−1A (U)∩f−1B (V ) which is open in X by Definition

3.3.2 and property (T3) of open sets. Continuity of f follows from

Lemma 7.3. �

When working with a product space A × B, subspaces of the form

{x}×B and A×{y} turn out to be very useful. They deserve a name.

Definition 7.4.3 (Fibre). Let (A, S) and (B,T) be topological spaces.

For any x ∈ A and y ∈ B the subspaces {x}×B and A×{y} of A×B
are called fibres.

Lemma 7.7. Let (A, S) and (B,T) be topological spaces. For any y ∈
B the fibre A× {y} is homeomorphic to A and for any x ∈ A the fibre

{x} ×B is homeomorphic to B.

Proof. See Exercise 7.4.8. �

Lemma 7.7 helps us prove two of the most useful theorems about

product spaces.

Theorem 7.4 (Connectedness of Products). Products of connected

spaces are connected.

Proof. See Exercise 7.4.9. �

This result can be extended to products of subsets by considering

the subsets to be subspaces. Exercise 7.4.6 justifies this.

Theorem 7.5 (Tychonoff for Two). Products of compact spaces are

compact.

Proof. See Exercise 7.4.10. �

This result can be extended to products of compact sets by consid-

ering the subsets to be subspaces. Exercise 7.4.6 justifies this.



104 7. EXCELLENT PRODUCTS

Exercises for Section 7.4

7.4.1. Use the Every Ball Contains a Box theorem (Exercise 2.2.4) to

show that the Euclidean topology on R2 is the same as the product

topology on R× R.

Hint: Read the first two pages of this section.

7.4.2. Let (A, S) and (B,T) be topological spaces and suppose X and

Y are dense in A and B respectively.

(a) Use Lemma 7.2 and Theorem 5.9 to prove that X×Y is dense

in A×B with the product topology.

(b) Use part (a) and the result of Exercise 7.4.2 to prove that Q×Q
is dense in R2 with the Euclidean topology.

7.4.3. Let (A, S) and (B,T) be topological spaces and give A×B the

product topology. Show that if both A and B are Hausdorff then A×B
is Hausdorff.

7.4.4. Show that a product of two path connected spaces is path con-

nected.

Hint: You may find Theorem 7.3 useful.

7.4.5. Let (A, S) and (B,T) be topological spaces.

(a) Show that the projection pA is continuous. (Of course, pB is

similarly continuous.)

(b) Use part (a) to complete the proof of Theorem 7.3.

(c) Show that for any U × V ⊆ A × B with V 6= ∅ one has

pA(U × V ) = U .

(d) Use the result of part (c) to show that pA is an open mapping.

(Of course, pB is similarly open.)

7.4.6 (*). Let (A, S) and (B,T) be topological spaces and denote the

product topology on A × B by U. Given X ⊆ A and Y ⊆ B, let SX

and TY denote the subspace topologies on X and Y respectively. Let

V denote the product topology on X × Y defined by the topological

spaces (X, SX) and (Y,TY ).

Since X × Y ⊆ A × B the product topology U on A × B defines the

subspace topology W on X × Y .

Prove that V and W are the same topology on X × Y , that is, show

that V = W.
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7.4.7 (*). Consider the annulus A = {(x, y) ∈ R2 : ‖(x, y)‖ ∈ [1, 2]} in

R2 and the cylinder C = {(u, v, w) ∈ R3 : u2 + v2 = 1 and w ∈ [0, 1]}
in R3. Show that the following maps are homeomorphisms.

h : [0, 1]× S1 → A : (t, (x, y)) 7→ (t+ 1)(x, y)

k : [0, 1]× S1 → C : (t, (x, y)) 7→ (x, y, t).

7.4.8. Here we prove Lemma 7.7. Let (A, S) and (B,T) be spaces let

y ∈ B.

Show that pA|A×{y} is a continuous, one to one and onto map from

A× {y} to A.

Let g denote the inverse of pA|A×{y}. Use Definition 3.3.2 and Lemma

1.2 to prove that g is continuous and hence explain why g is a homeo-

morphism.

(The result for fibres of the form {x} ×B is similarly proved.)

7.4.9. Here we prove Theorem 7.4 by contradiction, so suppose A×B
is disconnected, with clopen partition {U, V } and let y ∈ B.

(a) Explain why A×{y} ⊆ U ∪V .

(b) Use Lemma 7.7 to prove that

either A × {y} ⊆ U or A ×
{y} ⊆ V . Without loss of

generality we assume that A×
{y} ⊆ U .

(c) Use Lemma 7.7 and (b) to

show {x} × B ⊆ U for each

x ∈ A.

(d) Use (c) to show that A× B ⊆
U . What does this contradict?

A

B

(x,y)x

y

p
A

p
B

A  × B  

7.4.10. Here we prove 7.5. Let (A, S) and (B,T) be compact spaces.

By Lemma 7.1, it suffices to show that every cover U = {Ui×Vi : i ∈ I}
of A×B with basic open sets has a finite subcover.

(a) For y ∈ B, show there is a finite Jy ⊆ I such that {Ui × Vi :

i ∈ Jy} is a subcover of A× {y}.
(b) Explain why may assume WLOG that y ∈ Vi for all i ∈ Jy and

hence show that Gy :=
⋂
i∈Jy Vi is open and non-empty.

(c) Check that A×Gy ⊆
⋃
j∈Jy Uj × Vj.
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U i

y

for i  ∈ JU   ×  Vi i

B

A

V i

y

V y

A  × { y  }

A  × B  

(d) Explain why there is a finite F ⊆ B such that B ⊆ ⋃y∈F Gy

y

V y

A  × { y  }

A  × B  

A  ×  Vy 

(e) Explain why J :=
⋃
y∈F Jy is finite and show that

A×B ⊆
⋃
j∈J

Uj × Vj.

7.4.11. Use Exercises 2.3.9, Lemma 5.2 and relevant theorems on com-

pactness to prove the Heine-Borel Theorem for R2

7.5. Products, Products, Products

We can easily generalize these ideas to obtain a topology on the finite

Cartesian product

A1 × · · · × An = {(x, . . . , xn) : xi ∈ Ai (∀i ≤ n)}.

We can show that

{U1 × · · · × Un : Ui open in Ai (∀i ≤ n)}

is a base for a topology on A1 × · · · × An using similar techniques to

the case n = 2. Again it turns out that products of connected sets are

connected and products of compact sets are compact.

With a more radical change in approach it is possible to define infinite

products of topological spaces, even uncountable products! Theorems
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7.4 and 7.5 remain valid for infinite products. The generalized version

of Theorem 7.5 is known as Tychonoff’s theorem. (Hence the title of

our version for products of two spaces.) It is one of the most important

theorems in topology.

Exercises for Section 7.5

7.5.1 (*).

(a) Formulate and prove an analogue of Lemma 1.2 for the Carte-

sian product A1 × · · · × An = {(x, . . . , xn) : xi ∈ Ai (∀i ≤ n)}
of n sets.

(b) Use part (a) to show that

{U1 × · · · × Un : Ui open in Ai (∀i ≤ n)}
is a base for a topology on A1×· · ·×An using similar techniques

to the case n = 2.

(c) Let (A, S), (B,T) and (C,U) be topological spaces. Obtain a

topology V on (A × B) × C by applying the usual product

topology twice. (First take the product topology on A × B

and use this to obtain the product topology on (A×B)×C.)

(d) Show that ((A × B) × C,V) is homeomorphic to A × B × C
with the product topology defined in part (b).

(e) Use the result of part (c) to obtain analogues of 7.4 and 7.5 for

products of three spaces.





APPENDIX A

Where’s The Proof?

This Appendix discusses proof techniques and uses the proofs of

some of the set theory results listed in Chapter 1 to illustrate various

points. The exercises are intended to give you practice at these proof

techniques.
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A.1. Proof is What It’s All About

The statements you will be asked to prove in MAT3TA will typically

take the following form.

Let H1, H2, . . . , Hn be true. Prove C.

Here H1, H2, . . . , Hn are the background hypotheses which set the

scene for the entire proof. You will almost certainly need to use all of

them at some stage in your proof argument. You cannot negate them

during the proof, even in a proof by contradiction. The proof can take

several different forms depending on the nature of the statement C

which is to be proved. (We will call C the conclusion.)

If-Then Statements.

Probably the most common situation is where C is an if-then state-

ment.

If P then Q.

In this situation, we put the the hypothesis P of our if-then statement

together with H1, H2, . . . , Hn and use the whole lot to prove that Q is

true. Thus H1, H2, . . . , Hn,P become fixed assumptions for the rest of

the proof.

Example A.1. Lemma 1.4 has the following background hypotheses.

H1: A and B are sets.

H2: f : A→ B

H3: U, V ⊆ A.

H4: X, Y ⊆ B.

Parts (a) and (b) of Lemma 1.4 are already expressed as if-then

statements. Although the statement of part (c) of the lemma is not

actually written in this form, it is useful to view it as the statement if

P then Q, where P and Q are as follows.

P : x ∈ U
Q: x ∈ f−1(f(U)).

Thus to prove part (c) we must put P with H1, H2, H3 and H4 to

obtain a set of assumptions which will be fixed for the rest of the proof.

This tells us that we must assume x ∈ U and prove x ∈ f−1(f(U)).
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If And Only If Statements.

The next most common situation is where C is an if and only if

statement.

P if and only if Q.

In this case we really have two separate proofs based on the same

background hypotheses. First we put P together with H1, H2, . . . , Hn

and use the whole lot to show that Q is true. Then we put Q to-

gether with H1, H2, . . . , Hn and use the whole lot to show that P is

true. Thus for the first part of the proof, our fixed assumptions are

H1, H2, . . . , Hn,P and for the second part of the proof, our fixed as-

sumptions are H1, H2, . . . , Hn,Q.

Example A.2. Lemma 1.1 has the following background hypotheses

and conclusion.

H1: A is a set

H2: {Ui : i ∈ I} is a set of subsets of A

H3: B ⊆ A

C:
[⋃

i∈I Ui
]
∩B =

⋃
i∈I(Ui ∩B).

Although it is not actually written in this form, it is useful to view

C as P if and only if Q, where P and Q are as follows.

P : x ∈
[⋃

i∈I Ui
]
∩B Q: x ∈ ⋃i∈I(Ui ∩B).

Thus in the first half of the proof our fixed assumptions areH1, H2, H3

and x ∈
[⋃

i∈I Ui
]
∩ B. We must prove x ∈ ⋃i∈I(Ui ∩ B). In the

second half of the proof our fixed assumptions are H1, H2, H3 and

x ∈ ⋃i∈I(Ui ∩B). We must prove x ∈
[⋃

i∈I Ui
]
∩B.

At each stage, our analysis of the logical structure of the statement

to be proved makes it clear what to assume and what to prove.

Example A.3. We wrote down the background hypotheses of Lemma

1.4 in Example A.1 and noted that part (a) of the lemma has the form

if P then Q. In this case P and Q are as follows.

P : U ⊆ V

Q: f(U) ⊆ f(V ).

Thus the if-then statement U ⊆ V becomes a fixed assumption, so

at any stage in the proof where we encounter an element x of U , we can

immediately say that x ∈ V . Things seem a little more complicated in
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this case because Q itself can be written as the if-then statement if R

then S, where R and S are as follows.

R: y ∈ f(U)

S: y ∈ f(V ).

Since we are trying to prove Q, we should now assume R and prove S.

In effect, R is now put with P and background hypotheses to become

yet another of our fixed assumptions, giving H1, H2, H3, P, R as our

total list of assumptions.

These examples, particularly the last, illustrate a very important

point about the process of constructing a proof. As we break down the

logical structure of the conclusion, we seem to accumulate more and

more fixed assumptions.

This is a very good thing indeed, because the more of these assump-

tions we have, the more we have to work with! When building up a

proof we try, through analysis of the logical structure of the conclusion,

to maximise the number of fixed assumptions we have to work with and

to minimize what is yet to be proved.

Exercises for Section A.1

A.1.1. Read Example A.1 and complete the proof of part (c) of Lemma

1.4.

A.1.2. Read Example A.2 and complete the proof of Lemma 1.1.

A.1.3. Read Example A.3 and complete the proof of part (a) of Lemma

1.4.

A.1.4. Prove parts (b), (d), (e) and (f) of Lemma 1.4.

A.1.5. Give examples to show that equality need not hold in Lemma

1.4(c) unless f is one-to-one and that equality need not hold in Lemma

1.4(e) unless f is onto.

A.1.6. We will prove Lemma 1.2

(a) Identify the background hypotheses H1, H2, . . . , Hn.

(b) Identify C and re-write it as an if and only if statement. Hence

identify P and Q.

(c) Now complete the proof using the model discussed in Example

A.2.
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A.1.7. In some if-then proofs, the hypothesis P may actually consist

of more than one statement, say P1, P2, . . . , Pm. Thus the if-then state-

ment becomes if P1, P2, . . . , Pm then Q. What do we do in this case?

A.1.8. In some if-then proofs, the conclusion Q may consist of more

than one statement, say Q1, Q2, . . . , Qm. Thus the if-then statement

becomes if P then Q1, Q2, . . . , Qm. What do we do in this case?

A.1.9. Prove parts (b), (c) and (e) of Lemma 1.3.

A.1.10. Give an example to show that equality need not hold in part

(d) of Lemma 1.3 unless f is one-to-one.

Hint: Draw the graph of a real function which is not one to one.

A.1.11. Consider the following Problem: Let (A, d) be a metric space

and let X ⊆ A be bounded. Show that for all a ∈ A there is an r > 0

such that X ⊆ Br(a).

(a) Identify H1, H2, . . . , Hn. One of these background hypotheses

needs to be spelled out in detail so that it can be used in the

proof. Do this.

(b) Identify C, re-write it as an if-then statement and hence iden-

tify P and Q.

Hint: Recall that a “for all” statement can always be written as an

if-then statement.

Your Q should now contain an if-then statement. What is it?

Draw a picture to try to find a suitable r. You will need to use all of

the background hypotheses you spelled out in (a) at this stage.

Now that you have chosen r, what will you do with the hypothesis of

the if-then statement you found in part (c)?

Use the triangle inequality to complete the proof.

A.2. Contradicting Reality

We call a proof that does not make use of contradiction direct. A

proof by contradiction has the same general form as a direct proof.

Let H1, H2, . . . , Hn be true. Prove C.

Again the background hypotheses H1, H2, . . . , Hn set the scene for

the entire proof and you cannot negate them during the proof.
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If-Then Statements.

Where C is the statement if P then Q we put P together with

H1, H2, . . . , Hn and use the whole lot in a proof argument aimed at

showing that Q is true. We cannot negate P .

So far, the situation is exactly the same as for a direct proof. The

difference is that we now negate Q and try to obtain a contradic-

tion. In fact, we put the negation of Q, denoted ¬Q, together with

H1, H2, . . . , Hn, P to obtain an even larger set of fixed assumptions

H1, H2, . . . , Hn, P,¬Q. The proof is then completed by obtaining a

contradiction to one of the following.

(a) one of the assumptions H1, H2, . . . , Hn, P,¬Q or

(b) a consequence one of the assumptions H1, H2, . . . , Hn, P,¬Q or

(c) something from our background knowledge of mathematics (for

example, we obtain a contradiction like 0 = 1).

Thus to obtain a contradiction, you must deduce the negation of

one of the assumptions or the negation of a consequence of one of the

assumptions or something which is patently silly. So why do we adopt

this bizarre proof technique? The answer is simply that it gives us more

fixed assumptions to work with. Adding ¬Q to our list of assumptions

may not seem like much, but it often gives just enough information to

enable us to develop a proof. This is particularly helpful where we have

few assumptions to start with.

Example A.4. Consider the following problem.

Let V be a normed vector space. Show that if V 6= {0} then V is

unbounded.

Here our background hypothesis is

H: V is a normed vector space

and our conclusion is if P then Q where

P : V 6= {0} Q: V is unbounded.

Thus ¬Q is the statement that V is bounded. Spelling this out, one

has an a ∈ V and an r > 0 such that V ⊆ Br(a).

Our hypothesis H ensures that for any x ∈ V and any λ ∈ R we have

λx ∈ V . For any non-zero x ∈ V we would expect to be able to find

λ large enough to guarantee that λx /∈ Br(a) which would contradict

¬Q, since ¬Q gave us V ⊆ Br(a). Our assumption P guarantees the
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existence of such a non-zero x ∈ V . The calculation of a suitable λ is

left as an Exercise (A.2.2).

Simple Statements.

In a situation where C is just a simple statement containing no im-

plications, we can just place ¬C with H1, H2, . . . , Hn to obtain

H1, H2, . . . , Hn,¬C
as our set of fixed assumptions.

Example A.5. Consider the following version of part of Exercise 2.3.7.

Let X be a closed bounded subset of R and let s = sup(X). Prove

s ∈ X.

Here our background hypotheses are

H1: X is a closed bounded subset of R
H2: s = sup(X)

and our conclusion is C: s ∈ X. We therefore have H1, H2 and

¬C as fixed assumptions and ¬C is just s /∈ X which we may write

as s ∈ R\X. Since R\X is open by H1, there is an r > 0 such that

Br(s) ⊆ R\X.

The diagram suggests why this contradicts

H2. If you cannot see why, you had bet-

ter revise the definition of sup(X). Com-

pletion of the argument is left to Exercise

A.2.3.

•• s
X

A point in here would also be 

an  upper bound for X

B (s)r

Branched Proofs.

It is frequently necessary in a proof by contradiction to consider a

whole range of possible cases, and sometimes sub-cases, which flow

from the assumptions H1, H2, . . . , Hn, P,¬Q or from H1, H2, . . . , Hn, C

as the case may be. In this situation, one completes the proof by

showing that every possible case leads to a contradiction. You may like

to think of these cases and subcases as forming a “tree” of possibilities.

You must then obtain a contradiction at the end of every branch.

Example A.6. Consider the following generalization of Exercise 4.1.8.

Let (A, S) be a topological space, let Xi be a connected subset of

A for each i ∈ I and let
⋂
i∈I Xi 6= ∅. Show that X =

⋃
i∈I Xi is

connected.

The background hypotheses are
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H1: (A, S) is a topological space

H2: let Xi is a connected subset of A for each i ∈ I
H3:

⋂
i∈I Xi 6= ∅

and the conclusion is C: X =
⋃
i∈I Xi is connected. Thus ¬C is the

statement that X is disconnected, which we spell out by saying that

there is a clopen partition {U, V } for X. It is time to start considering

cases.

Case (i) If there is an i ∈ I such that Xi intersects both U and V

then Xi is disconnected, because {U ∩Xi, V ∩Xi} is a clopen partition

of Xi by definition of the subspace topology on Xi. This contradicts

H2.

Case (ii) If there is no i ∈ I such that Xi intersects both U and V

then for every i ∈ I either Xi ⊆ U or Xi ⊆ V .

Case (ii)(a) If Xi ⊆ U for all i ∈ I, then X =
⋃
i∈I Xi ⊆ U and

hence V = ∅ which contradicts ¬C since both elements of a clopen

partition must be non-empty.

Case (ii)(b) If Xi ⊆ V for all i ∈ I, then X =
⋃
i∈I Xi ⊆ V and

hence U = ∅ which contradicts ¬C since both elements of a clopen

partition must be non-empty.

Case (ii)(c) If there exist i, j ∈ I such that Xi ⊆ U and Xj ⊆
V then since U and V are disjoint by ¬C so are Xi and Xj. This

contradicts H3.

As this covers all of the possibilities (check this), we are done.

The diagram illustrates the idea of view-

ing the cases and subcases in the proof in

Example A.6 as a “tree” of possibilities.

Case (i)

Case (ii)(a)

Case (ii)(c)

Case (ii)(b)

Notice that we needed to use all of the fixed assumptions H1, H2, H3

and ¬C at some stage in this example. (Where have we used H1?) If

you get to the end of a proof and find that you have not used some

of the fixed assumptions, you should immediately become suspicious!

Either you have forgotten something or we have posed the problem

badly.
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Exercises for Section A.2

A.2.1. It is always possible, but pointless, to convert a direct proof

into a proof by contradiction.

(a) Explain how you would do this in terms of H1, H2, . . . , Hn, P,Q

in the case where C is an if-then statement.

(b) Explain how you would do this in the case where C contains

no implications.

A.2.2.

(a) Complete the proof argument in Example A.4 by obtaining the

required contradiction.

Hint: Draw a picture.

(b) Can you see how to write the statement proved in Example

A.4 in a briefer and more “natural” form?

A.2.3.

(a) Complete the proof argument in Example A.5 by obtaining the

required contradiction.

(b) Suppose we rewrite the statement to be proven in Example A.5

as follows.

(*) Let X be a closed subset of R. If s = sup(X) then

s ∈ X.

Explain why the technique used in Example A.4 leads to a

proof of (*) which is almost identical to the one discussed in

Example A.5.





APPENDIX B

A Real Problem

The real numbers are of fundamental importance in most branches

of mathematics, both pure and applied. Throughout your mathemat-

ics education up to this point, you have probably taken real numbers

and their basic properties pretty much for granted. But can we be

sure that this everyday mathematical concept of a number line makes

sense? If so, how can we decide precisely what fundamental properties

the real numbers have? And taking a step back, how can we be sure

we understand the nature of even more elementary structures like the

integers and the rationals?

In order to answer questions of this kind, mathematicians have pro-

posed various ways of constructing the real numbers from more more

elementary mathematical concepts or structures. Many different ap-

proaches can be taken. In this appendix we discuss a particular ap-

proach in which the reals are built up one step at a time. The properties

of the natural numbers are first deduced from a few axioms by inductive

arguments. Then the natural numbers are used to obtain the positive

rational numbers using an algebraic construction.

Next, the positive rationals are used to construct the positive reals.

This step in the process is of most interest from the point of view of

analysis, because it is here that we obtain the analytically important

least upper bound property, which yields the completeness properties

of R and hence Rn.

The final step of completing the real line by adding zero and the

negative reals is fairly easy, and more algebraic in nature.

A complete treatment of the whole construction would fill at least

one book so we limit ourselves to a sketch, focussing most heavily on

the the construction of the positive reals from the positive rationals.
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B.1. It’s Perfectly Natural

For most people the idea of the counting numbers

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, . . .

is the most elementary and intuitively natural idea in mathematics

(hence the name). However, it is possible and useful to give a set of

axioms from which their properties may be deduced. This provides us

with some machinery with which we can attempt to resolve any difficult

questions that may arise about their nature.

The construction we discuss here is a classical one, first stated ex-

plicitly by Guiseppe Peano (1858-1932). It has subsequently come to

be known as the Peano Axiom construction of the natural numbers.

These axioms express the idea that the natural numbers are those used

for counting, so that there is a unique first number and each number

is followed by a unique successor.

Definition B.1.1 (Natural Numbers).

(PA1) There is a non-empty set of natural numbers N, and a one to

one function s : N→ N called the successor function.

(PA2) N has an element 1 which satisfies s(n) 6= 1 for each n ∈ N.

(PA3) (Axiom of induction). If X ⊆ N has the following properties:

(a) 1 ∈ X
(b) For all n ∈ X, s(n) ∈ X,

Then X = N.

Thus (PA1) asserts that certain numbers are the successors of other

numbers, but no number is the successor of more than one number.

(PA2) asserts that 1 is a number that is not the successor of any num-

ber, agreeing with our intuitive idea of a “first” number. (PA3) asserts

that every natural number may be reached by a “counting process” in

which one commences with the number 1, then moves to its successor,

then moves to its successor, and so on. The “Principle of Mathemati-

cal Induction” you have known since first year follows from the above

axioms provided we interpret “s(n)” as “n+ 1”.

Although we will not dwell for too long on the construction of N, it is

important to realize how little we need to assume to get our construc-

tion underway. The Peano axioms are sufficient to prove all elementary

properties of N and of <,≤,+ and · once these relations and operations

have been defined carefully (using only the axioms of course!). We can



B.1. IT’S PERFECTLY NATURAL 121

then complete the rest of our construction of the real numbers using

only operations of set theory like Cartesian products and partitions.

Provided operations of the latter kind are accepted, we do not need to

make any new substantive1 assumptions beyond those embodied in the

Peano Axioms.

Our construction of the real numbers assumes only the Peano

Axioms and standard operations of elementary set theory.

Several long and technical proofs are required to justify the steps in

the construction of N, so we will prove only a few sample results here

(and in tutorials and assignments) to get a sense of how the construc-

tion proceeds. The first lemma illustrates the fact that when doing

mathematics at this “foundational” level, one must often give careful

proofs, using only the axioms, even when statements seem completely

obvious. Lemma B.1(a) tells us that 1 is the “first” counting number.

Obvious perhaps, but as you can see, there is a fair bit of work involved

in checking even this elementary fact.

Lemma B.1.

(a) s(N) = N\{1}, i.e. 1 is the only natural number with no pre-

decessor.

(b) s(n) 6= n for all n ∈ N.

Proof. (a) By definition, s(N) = {s(n) : n ∈ N} is the set of

natural numbers that have predecessors. Let X = s(N) ∪ {1}. Now

1 ∈ N by (PA2) and s(N) ⊆ N by (PA1) so X ⊆ N. Since 1 ∈ X and

s(n) ∈ X for all n ∈ N, (PA3) shows that X = N. This shows that

N\{1} ⊆ s(N) and since 1 /∈ s(N) by (PA2), we have N\{1} = s(N).

(b) See Exercise B.1.1. �

We now define +, ·, < and ≤ and prove their basic properties. It

is quite difficult to get this process started. The key idea is to use

inductive definitions. The following theorem tells us that this is a valid

way to define functions.

1We use “substantive” here to distinguish the Peano Axioms from the construc-

tions of naive set theory, which we use freely. In axiomatic set theories the Peano

axioms can actually be deduced from the set theory axioms.
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Theorem B.1 (Inductively Defined Functions). Let S be any non-

empty set, let x be any element of S, and let g : S → S be any function.

There is exactly one function f : N→ S with the following properties:

(I) f(1) = x.

(II) For all n ∈ N, f(s(n)) = g(f(n))

It is called the function inductively defined via x and g.

Proof. See Exercise B.1.9. �

The proof of Theorem B.1 is quite difficult because (amongst other

things) it involves taking the intersection of an unknown, possibly infi-

nite number of sets. The theorem can be used to define addition. Once

addition is defined it can be re-used to define multiplication. We may

also use addition (without using Theorem B.1 again) to define < and

hence ≤.

Theorem B.2 (Natural Operations).

There are unique binary operations + and · on N such that for all

m,n ∈ N
(a) m+ 1 = s(m)

(b) m+ s(n) = s(m+ n)

(c) m · 1 = m

(d) m · s(n) = (m · n) +m

Proof. See Exercise B.1.3. �

Familiar properties of elementary arithmetic in N may now be proved.

We summarize the most important of them as a theorem for future use.

Theorem B.3 (Natural Arithmetic). For m,n, k ∈ N:

(a) m+ n = n+m (commutative law for +)

(b) m · n = n ·m (commutative law for ·)
(c) m+ (n+ k) = (m+ n) + k (associative law for +)

(d) m · (n · k) = (m · n) · k (associative law for ·)
(e) m+ k = n+ k ⇐⇒ m = n (cancellation law for +)

(f) (n+ k) ·m = (n ·m) + (k ·m) (right distributive law)

(g) m · (n+ k) = (m · n) + (m · k) (left distributive law)

Not all parts of Theorem B.3 need to be proved directly from the

Peano axioms. For example part (h) is easily proved from (a) and (g).

On the other hand the proof order in the theorem is quite delicate.
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Although the parts of the theorem are listed in a convenient and tidy

order, you cannot easily prove them in that order. Part (e) may be

proven independently of the other parts. A proof order that works well

for the remaining parts is (c), (a), (f), (b), (g), (d).

You may be puzzled by the lack of a cancellation law for · to partner

the one for +. Although such a law holds, we don’t yet have enough

machinery to prove it easily. It will be included in Theorem B.5.

Among the most important features of N are the order relations “<”

and “≤”. We define < using addition and then use it to define ≤ in an

obvious way. The intuition behind our definition of < is rather obvious.

Definition B.1.2 (Natural Order). Let m,n ∈ N. We say m < n if

(∃p ∈ N) n = m+ p

and we say that m ≤ n if either m < n or m = n.

Lemma B.2. (∀m, p ∈ N) m 6= m+ p

Proof. See Exercise B.1.2 �

Theorem B.4 (Natural Order). For all m,n, p ∈ N:

(a) if m < n and n < p, then m < p (transitivity of <)

(b) if m ≤ n and n ≤ p, then m ≤ p (transitivity of ≤)

(c) n < s(n)

(d) 1 ≤ n and 1 < n for n ∈ N \ {1}
(e) m < m is false

(f) n ≤ n (reflexivity)

(g) n ≤ m or m ≤ n (comparability)

(h) if n ≤ m and m ≤ n, then m = n (antisymmetry)

(i) exactly one of the following holds:

n < m, m < n, m = n (trichotomy law)

(j) if m < n and n ≤ p, then m < p (mixed transitivity)

(k) if m ≤ n and n < p, then m < p (mixed transitivity)

(l) m < n if and only if s(m) ≤ n

(m) m ≤ n if and only if m < s(n)

Proof. See Exercise B.1.4 �

Any relation satisfying conditions (b), (f), (g), (h) of the Theorem

is called a total order. We can now show that the order relations on N
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behaves as expected in relation to addition and multiplication and add

the missing cancellation law.

Theorem B.5 (Natural Operations and Order). For m,n, k, j ∈ N:

(a) m · k = n · k ⇐⇒ m = n (cancellation law for ·)
(b) m < n ⇐⇒ m+ k < n+ k (order translation for +)

(c) m ≤ n and k ≤ j =⇒ m+ k ≤ n+ j (adding inequalities)

(d) m ≤ n and k < j =⇒ m+ k < n+ j (adding inequalities)

(e) m ≤ n ⇐⇒ m · k ≤ n · k (order translation for ·)
(f) m < n ⇐⇒ m · k < n · k (order translation for ·)
(g) m ≤ n and k ≤ j =⇒ m · k ≤ n · j (multiplying inequalities)

(h) m ≤ n and k < j =⇒ m · k < n · j (multiplying inequalities)

Now that the properties of the order relations are established we can

define minima and maxima and prove a very important result about

them.

Definition B.1.3 (Natural Extrema). Let S ⊆ N be non-empty and

let m ∈ N. Then m is called

(a) a minimum for S if m ∈ S and (∀k ∈ S) m ≤ k.

(b) a maximum for S if m ∈ S and (∀k ∈ S) k ≤ m.

(c) an upper bound for S if (∀k ∈ S) k ≤ m.

Lemma B.3. A minimum or maximum of any non-empty S ⊆ N is

unique.

Proof. An easy application of the trichotomy law stated in The-

orem B.4. �

In view of Lemma B.3 we may speak of the minimum or maximum

of a non-empty S ⊆ N and write min(S) or max(S). Of course, we

need to know whether the minimum or maximum exists.

Theorem B.6 (Natural Extrema).

(a) Every non-empty subset S of N has a mimimum.

(b) A non-empty subset S of N has a maximum iff it has an upper

bound.

Proof. See Exercise B.1.5. �

Now we have defined ≤ we can prove that a slightly more powerful

form of induction is valid.
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Theorem B.7 (Modified Induction). Let X ⊆ N such that 1 ∈ X and

for all n ∈ N

{k ∈ N : k ≤ n} ⊆ X =⇒ s(n) ∈ X.

Then X = N.

Proof. See Exercise B.1.7. �

From now on, adopt the usual notational convention of writing a · b
as ab where no ambiguity arises. The next theorem is very well known.

Amongst other things, it allows us to define the decimal representation

of natural numbers.

Theorem B.8 (Euclid’s Division Algorithm). If m ≤ n then either

n = mq for some unique q ∈ N or n = mq+r for some unique q, r ∈ N
with r < m (but not both).

Theorem B.8 expresses n as a quotient q and a remainder r when

we divide by m. Unfortunately, we haven’t defined zero yet, so we are

forced to treat the case where there was no remainder separately. We

commence our definition of decimal representation of natural numbers

by defining the decimal digits D and introducing convenient symbols

for zero and ten.

Definition B.1.4 (Decimal Digits). We define a new symbol 0 and the

new symbols

2 := s(1), 3 := s(2), 4 := s(3), 5 := s(4), 6 := s(5),

7 := s(6), 8 := s(7), 9 := s(8), T := s(9) (= “ten”).

The set D = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} is called the set of decimal digits.

Since we will be obtaining zero in the final stage of our construction

of the reals, we don’t want to waste time at this stage by defining the

arithmetic behaviour of 0. For now you should think of 0 simply as

a formal symbol used in the decimal representations of elements of N.

We will obtain these representations by repeatedly dividing by T and

saving the remainders. We need 0 to signify the lack of a remainder

(and since we have taken the trouble to define it, we will also use 0 to

represent the case where there is no quotient).
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We formalise this idea of repeated division by T using Theorem B.1.

Let S = (N ∪ {0})×D and define

g : S → S : (u, v) 7→


(0, u) if u ∈ D
(q, 0) if (∃q ∈ N) u = qT

(q, r) if (∃q ∈ N)(∃r ∈ D \ {0}) u = qT + r.

Theorem B.8 and Exercise B.1.10 guarantee that g is well defined.

For a ∈ N we define an element xa of S = (N ∪ {0})×D by:

xa =


(0, a) if a ∈ D
(q, 0) if (∃q ∈ N) a = qT

(q, r) if (∃q ∈ N)(∃r ∈ D \ {0}) a = qT + r.

so for each a Theorem B.1 yields a unique function da : N → S

such that da(1) = xa and da(s(n)) = g(da(n)). The idea behind this

is that da yields a sequence of pairs of the form (quotient, remainder)

obtained when we repeatedly divide a by T . We need to remember the

quotients so we can do the next division and the remainders because

we obtain our decimal representation by reading the remainders (and

writing them down right to left) until the quotient is zero (at which

point the decimal expansion terminates). Of course we must prove that

this always happens eventually and that da uniquely represents a. It

will be convenient to denote the first component of da(n) by qa(n) and

the second component by ra(n). In other words, da(n) = (qa(n), ra(n))

and the decimal representation of a will be given by the function ra.

The idea is that only finitely many ra(n) are non-zero, so the decimal

representation of a natural number will (as usual) be finite.

Lemma B.4 (Natural Decimals).

(a) For all a ∈ N there is a smallest Na ∈ N such that qa(Na) = 0.

(b) ra(Na) 6= 0 and da(n) = (0, 0) for all n > Na.

(c) Na = 1 ⇐⇒ a ∈ D \ {0}.
(d) For all a ∈ N \ D we have (∀n ∈ N) da(s(n)) = dqa(1)(n) and

hence Na = s(Nqa(1)).

Proof. See Exercise B.1.13. �

This Lemma establishes some important elementary properties of

decimal representations, most importantly, the fact that they are finite.

We now need a theorem showing that they are unique.
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Theorem B.9 (Natural Decimals). If ra = rb then a = b.

Proof. See Exercise B.1.14. �

This shows that ra uniquely represents a. We can prove many other

properties of the decimal representation of natural numbers including

the familiar algorithm for adding two natural numbers and the familiar

odometer method of decimal counting (see Exercise B.1.15).

We are now in a position to define prime numbers and prove an

extremely important theorem about them.

Definition B.1.5 (Primes). A natural number n ∈ N\{1} is called

prime if whenever n = mk for some m, k ∈ N, either m = 1 or k = 1.

If n 6= 1 and n is not prime, it is called composite.

Theorem B.10 (Fundamental Theorem of Arithmetic). Every a ∈
N\{1} can be expressed as a “product of primes”, and this expression

is unique (except for the order in which the prime factors are written).

Proof. Copy the method used to define decimal representations.

In particular, see Exercises B.1.13 and B.1.14. �

We place the phrase “product of primes” in inverted commas because

although we know how to multiply together two natural numbers a

and b or even three or four, we haven’t yet defined the product of an

arbitrary finite number of elements of N. This can be done by defining

the product operator
∏

n for each n ∈ N but this is rather difficult

(see Exercise B.6.10(b)). An easier method is to mimic the technique

used above to define decimal representations. One divides a ∈ N\{1}
by its smallest prime factor and then divides the resulting quotient by

its smallest prime factor and so on. This is repeated until the quotient

is 1. The interested reader is invited to work through the details. To

ensure that this works we need the following lemma.

Lemma B.5 (Prime Divisor). Every n ∈ N \ {1} can be written in the

form n = pk for some prime p and some k ∈ N.

Proof. See Exercise B.1.8. �

Exercises for Section B.1

B.1.1. Prove Lemma B.1(b) by showing X = {n ∈ N : s(n) 6= n} = N.
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B.1.2. Use the Peano axioms to prove Lemma B.2.

B.1.3. Here we prove Theorem B.2.

(a) Let m ∈ N. Use Theorem B.1 to show that there is a unique

“adds m on the left” function fm : N→ N such that

(I) fm(1) = s(m).

(II) fm(s(n)) = s(fm(n)), for all n in N.

(b) Define m + n := fm(n), for all m,n in N use (I) and (II) to

show that conditions (a) and (b) of the theorem hold.

(c) Explain why + is unique.

(d) Use a similar argument to define ·. In this case you can assume

that + is already defined and your “multiplies m on the left”

function fm : N→ N should satisfy

(I) fm(1) = m.

(II) fm(s(n)) = fm(n) +m, for all n in N.

B.1.4. Here we prove Theorem B.4. Theorem B.3 and Lemmas B.2

and B.1 will be useful.

(a) Use the Peano axioms to prove that 1 ≤ n for all n ∈ N and

then explain why the remaining statement in (a) holds.

(b) Explain why parts (b), (d) and (f) of the Theorem hold. You

will not need the Peano axioms.

(c) Use the associativity of + to prove that < is transitive. Hence

prove that ≤ is transitive.

(d) Use the Peano axioms and Lemma B.1 to prove comparability.

You will probably need to take a “case-by-case” approach in

your induction.

(e) Use Lemma B.2 to show that one cannot have both n < m and

m < n. It will be easiest to proceed by contradiction. Hence

prove antisymmetry. You will not need the Peano axioms.

(f) Use antisymmetry to prove the trichotomy law. You will not

need the Peano axioms.

(g) Use parts (a) to (i) of the Theorem to prove parts (j) to (m)

of the Theorem. You will not need the Peano axioms.

B.1.5. Here we prove Theorem B.6. Let

X = {n ∈ N : n ∈ S ⊆ N =⇒ S has a minimum}
Y = {b ∈ N : b is an upper bound for S =⇒ S has a maximum}
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(a) Use Theorem B.4 to show that 1 ∈ X.

(b) Suppose n ∈ X and s(n) ∈ S ⊆ N. Let T := S ∪ {n}. Explain

why m = min(T ) exists and use this fact to show min(S) exists.

You will probably need to treat the cases m ∈ S and m /∈ S
separately and you will need Theorem B.4.

(c) Use the result of (b) to show that X = N and hence prove part

(a) of Theorem B.6.

(d) Use a technique similar to that of parts (a)–(c) above to prove

Y = N and hence prove part (b) of Theorem B.6.

B.1.6. Here we prove the existence and properties of powers of natural

numbers. We show there is a unique binary operation ↑ on N such that

(i) a ↑ 1 = a (∀a ∈ N)

(ii) (a ↑ m) · (a ↑ n) = a ↑ (m+ n) (∀a,m, n ∈ N)

This operation also satisfies

(iii) (a · b) ↑ n = (a ↑ n) · (b ↑ n) (∀a, b, n ∈ N)

(iv) (a ↑ m) ↑ n = a ↑ (m · n) (∀a,m, n ∈ N)

The proof proceeds as follows:

(a) Use Theorem B.1 to show that for any a ∈ N there is a

unique function fa : N → N such that fa(1) = a and (∀n ∈
N) fa(s(n)) = a · fa(n). Define a ↑ n := fa(n).

(b) Explain why part (i) of the theorem holds.

(c) Use (a) and induction to prove part (ii) of the theorem.

(d) Use (a) and induction to prove part (iii) of the theorem.

(e) Use (a), (c) and induction to prove part (iv) of the theorem.

(f) Use induction to prove that ↑ is the unique binary operation

satisfying parts (i) and (ii) of the theorem.

B.1.7. Here we prove Theorem B.7. Let Pn := {k ∈ N : k ≤ n} for

each n ∈ N.

(a) Use Theorem B.4 to prove P1 = {1} and Ps(n) = Pn ∪ {s(n)}
for each n ∈ N.

(b) Let Y = {n ∈ X : Pn ⊆ X}. Use (a) above and the Peano

Axioms to show that Y = N.

(c) Use (b) to show that X = N.

B.1.8. Here we prove Lemma B.5. Let P = {p ∈ N : p is prime} and

let

X = {1} ∪ {n ∈ N : (∃p ∈ P)(∃k ∈ N) n = pk}
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Use Exercise B.1.11 and Theorem B.7 to show that X = N.

B.1.9 (*). Here we prove Theorem B.1. Let x ∈ S and g : S → S as

in the statement of the Theorem. Define

R = {Y ⊆ N× S : (1, x) ∈ Y & (n, y) ∈ Y =⇒ (s(n), g(y)) ∈ Y }.
(a) Explain why R 6= ∅ (there is an obvious subset of N×S in R).

(b) Let R be the intersection of all the sets in R. Prove that R ∈ R.

(c) Let X = {n ∈ N : (∃ unique y ∈ S) (n, y) ∈ R}. We will prove

that X = N.

(i) For any a ∈ S \ {x} let Z = R \ {(1, a)}. Show that

Z ∈ R so Z ⊆ R and hence (1, a) /∈ R. Why does this

show 1 ∈ X?

(ii) Let n ∈ X and let y be the unique element of S such

that (n, y) ∈ R. Use a technique similar to that of (i) to

show that (s(n), b) /∈ R for any b ∈ S \ {g(y)} and hence

s(n) ∈ X.

(iii) Complete the proof that X = N.

(d) Let f(n) denote the unique y ∈ S such that (n, y) ∈ R. Use the

above results to show that f satisfies (I) and (II) of Theorem

B.1.

(e) Let h : N → S satisfy (I) and (II) of Theorem B.1. Use the

Peano axioms to prove that f = h.

B.1.10. Use Theorem B.6 to prove that {a ∈ N : a < T} = D \ {0}.

B.1.11. Show that if a 6= 1 then a · n > n for all n ∈ N.

B.1.12. Let a ≥ s(1). Prove by induction that n · a ≥ s(n) for all

n ∈ N.

B.1.13. Here we prove Lemma B.4.

(a) Suppose T ≤ qa(n). Use Theorem B.8 and Exercise B.1.11 to

prove that qa(s(n)) ∈ N and qa(s(n)) < qa(n).

(b) Explain why part (a) of the Lemma holds if a ∈ D.

(c) Show that for a /∈ D
S = {qa(n) : n ∈ N and qa(n) 6= 0}

is a non-empty subset of N and hence that qa(k) = min(S) for

some k ∈ N.

(d) Use (a) above to show that s(k) ∈ Q = {n ∈ N : qa(n) = 0}.
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(e) Use Theorem B.6(b) and (a) above to show that s(k) = min(Q).

Assume that the set R = {n ∈ N : n < s(k) and qa(n) = 0} is

non-empty and obtain a contradiction. This shows Na = s(k).

(f) Explain why ra(Na) 6= 0 (What is the value of da(s(k))?).

(g) Use Theorem B.6(a) to prove part (b) of the Lemma. Assume

P = {n ∈ N : Na < n and da(n) 6= (0, 0)}
is non-empty and obtain a contradiction.

(h) Prove part (c) of the Lemma using Exercise B.1.10.

(i) For a ∈ N \ D let X = {n ∈ N : da(s(n)) = dqa(1)(n)}. Use

the Peano axioms to prove that X = N.

(j) For a ∈ N \ D use the previous part to prove Na = s(Nqa(1))

from the definitions of Na and Nqa(1).

B.1.14. Here we prove Theorem B.9.

(a) Show that if Na 6= Nb then a 6= b.

(b) Let X = {n ∈ N : Na = Nb = n and ra = rb =⇒ a = b}. Use

the Peano axioms to prove that X = N. You will need Lemma

B.4.

(c) Use (a) and (b) to complete the proof of the Theorem.

B.1.15 (*). Let a ∈ N, let Na be as in Lemma B.4 and let S = {n ∈
N : ra(n) 6= 9} so that m = min(S) exists by Theorem B.6(a). Prove

(a) If m > Na then m = s(Na), ra(m) = 0 and

rs(a)(n) =

1 if n = s(Na)

0 otherwise

(b) If m ≤ Na then

rs(a)(n) =


0 if n < m

s(ra(m)) if n = m

ra(n) if n > m

B.2. A Rational Explanation

Until this point in your mathematical career, you have most likely

represented positive rational numbers by symbols of the form m
n

, where

m,n ∈ N. This suggests a concept of division, but of course, division

is as yet undefined in our construction. But we now have the natural
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numbers at our disposal and can use them to construct something that

behaves as we expect the positive rationals to behave. As with the

construction of N, to do this properly takes a lot of work. We sketch

the basic idea.

Rational numbers expressed by the informal notation m
n

will be de-

termined essentially by ordered pairs of natural numbers with (m,n)

being the number we think of as m
n

. At a first guess then, we might

try to represent the positive rationals as the Cartesian product N×N,

identifying (m,n) with m
n

. Unfortunately this doesn’t quite work be-

cause this representation is not unique. We have known since primary

school that there are many different looking expressions for the same

number, e.g.
1

2
=

2

4
=

3

6
=

4

8
= · · · = n

2n
= . . . .

In elementary mathematics, we overcome this ambiguity by putting a

fraction into its “lowest terms”. However, this latter operation is quite

difficult to define formally. It is much easier to define each rational

number to be a certain subset of N× N. The idea is that the rational

number 1
2

will be represented by the set corresponding to all of the

equivalent fraction expressions for 1
2
.

{(1, 2), (2, 4), . . . } = {(n, 2n) : n ∈ N} ⊆ N× N.

We don’t want the subsets that represent different rational numbers to

overlap. This would lead to ambiguity. We therefore insist that the

positive rationals form a partition of N×N, that is, they divide up the

whole of N × N into disjoint non-empty subsets. (See Definition 1.3.1

for the definition of a partition). So how should partition N × N? In

elementary arithmetic “cross multiplying” gives

m

n
=
p

q
⇐⇒ m · q = p · n.

which immediately suggests a sensible choice.

Definition B.2.1 (Positive Rationals). For any (m,n) ∈ N × N we

call

[(m,n)] := {(p, q) ∈ N× N : m · q = p · n}

a positive rational. The set of all positive rationals is denoted Q+.

Notice that this definition does not make use of the idea of division.

We have only used multiplication as defined on N as sketched out in
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the previous section. Notice also that we are defining each element of

Q+ by choosing a representative pair (m,n). To avoid ambiguity, we

need to know that (m,n) is in precisely one element of Q+. This is

why we needed to check that Q+ really is a partition of N× N.

Lemma B.6 (Rational Partition). Q+ is a partition of N× N.

Proof. See Exercise B.2.1. �

In elementary arithmetic, we know that a
b

+ c
d

= ad+bc
bd

and a
b
· c
d

= a.c
b.d

.

This suggests how we can extend the operations “+” and “·” from

the N to Q+. We first need a lemma to guarantee our definition is

unambiguous.

Lemma B.7 (Rational Operations). If (a, b) ∈ [(w, x)] and (c, d) ∈
[(y, z)]

(a) (a · d+ b · c, b · d) ∈ [(w · z + x · y, x · z)], and

(b) (a · c, b · d) ∈ [(w · y, x · z)]

Proof. Exercise B.2.2. �

Definition B.2.2 (Rational Operations). The operations + and · on

Q+ are defined by

[(a, b)] + [(c, d)] = [(a · d+ b · c, b · d)]

[(a, b)] · [(c, d)] = [(a · c, b · d)].

From Definition B.2.2, we can prove the familiar laws of rational

arithmetic. We will shortly summarize them as a theorem for future

use. However, the most important concept for our purposes is “≤” and

in our theorem summarizing the laws of rational arithmetic, we want

to summarize the connection between +, · and “≤”. Again we extend

definitions from N to Q+ and again we need a lemma to guarantee our

definition is unambiguous.

Lemma B.8 (Rational Order). If (a, b) ∈ [(w, x)], (c, d) ∈ [(y, z)] and

a · d < c · b then w · z < y · x.

Proof. Exercise B.2.3. �

Definition B.2.3 (Rational Order). We define ≤ on Q+ by

[(a, b)] < [(c, d)] (∈ Q+) ⇐⇒ a · d < c · b (∈ N)

and say that [(a, b)] ≤ [(c, d)] if [(a, b)] < [(c, d)] or [(a, b)] = [(c, d)].
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Familiar properties of < and ≤ could now be proved, but before we

summarize them, there is a problem to solve. In ordinary arithmetic

one has N ⊆ Q+. In our construction, this no longer appears to be true,

at least formally. To rectify this we will identify an obvious subset of

Q+ with N.

Lemma B.9 (Embedding N). The map φ : N → Q+ : n 7→ [(n, 1)] is

one-to-one and for m,n ∈ N

(a) φ(m+ n) = φ(m) + φ(n)

(b) φ(m · n) = φ(m) · φ(n)

(c) m ≤ n ⇐⇒ φ(m) ≤ φ(n)

Moreover, t(φ(n)) := φ(s(n)) defines a successor function on φ(N)

satisfying the Peano axioms.

Proof. Exercise B.2.4. �

Thus φ(N) can be thought of as simply another label for N but now

it is a genuine subset of Q+.

We also need to introduce the idea of division, i.e. an inverse op-

eration to multiplication, in Q+ and for this to make sense we need a

multiplicative identity.

Lemma B.10 (Rational Inverses). For all [(m,n)] ∈ Q+

(a) [(1, 1)] · [(m,n)] = [(m,n)] · [(1, 1)] = [(m,n)] (identity for ·).

(b) [(n,m)] · [(m,n)] = [(m,n)] · [(n,m)] = [(1, 1)] (inverse).

We express (b) by saying [(m,n)]−1 = [(n,m)].
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Convention: Now that we have constructed the positive ratio-

nals and established that they have the elementary properties

we expect them to have, we can revert to more traditional nota-

tional. The class [(n,m)] ∈ Q+ is denoted by n
m

, and the class

[(n, 1)] by n. It may help to think of this manoeuvre as hiding

the detailed structure of each positive rational in a “black box”

whose behaviour is predictable enough to work with without

knowing what goes on inside.

In cases where the two natural numbers defining a positive ra-

tional are not relevant to the argument we will simply use a sin-

gle symbol (m,n, p, k etc.) to denote the number. If p, q ∈ Q+,

then q−1 · p = p · q−1 is denoted by p
q
, and q−1 is denoted by

1
q
. This brings us back to a completely familiar notation, ready

for the next step in our construction and ready summarize the

arithmetical properties of Q+ as a theorem.

Theorem B.11 (Properties of Q+). The positive rationals have all of

the properties of the natural numbers given in Theorems B.3 and B.5 .

Moreover, ≤ is a total order and for all m,n ∈ Q+:

(i) m < n ⇐⇒ 1
n
< 1

m
(order reversal).

(ii) m < n =⇒ (∃k ∈ Q+) m < k and k < n (order denseness).

(iii) (∃k ∈ N) m < k (Archimedean property).

(iv) m < n ⇐⇒ (∃k ∈ Q+) n = m+ k (subtraction)

Repeated application of the order denseness property gives the fol-

lowing corollary.

Corollary B.1. Between any two positive rationals, there are infinitely

many positive rationals. In particular there are infinitely many positive

rationals between each natural number and its successor.

Exercises for Section B.2

B.2.1. Prove Lemma B.6.

B.2.2. Prove Lemma B.7.

B.2.3. Prove Lemma B.8.
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B.2.4. Prove Lemma B.9.

B.3. Keeping Count

Now we know there are infinitely many rationals in between every

natural number and its successor, it is natural to assume that there

are “more” rational numbers than there are natural numbers. From

the point of view of set theory, however, this turns out to be false.

There are “as many” natural numbers as rationals! To understand the

meaning of this shocking statement, we need to know what is meant

by “as many” in this context. In set theory, we don’t need to know

exactly “how many” elements there are in a set in order to compare it

with another set. The basic idea is that two sets have the same size or

cardinality if their elements can be put into one-to-one correspondence:

Definition B.3.1 (Set Cardinality). Two sets X and Y have the same

cardinality, written |X| = |Y |, if there is a one-to-one and onto map

ϕ : X → Y and X has cardinality less than or equal to that of Y ,

written |X| ≤ |Y |, if there exists a one-to-one map ψ : X → Y .

Thus the idea of X having smaller cardinality than Y means that X

is in one-to-one correspondence with some subset of Y . This prompts

us to consider the idea of a countable set. We are so used to writ-

ing finite sets in the form {x1, x2, . . . , xn} and sequences in the form

s1, s2, . . . , sn, . . . that it is tempting to assume that all sets and sets can

be written as ordered lists, finite or infinite. Unfortunately, this is not

so and in topology and analysis we must confront this issue because we

often work with sets (and with sets of sets) without necessarily knowing

whether or not they can be written in this convenient way.

However, sets that can be written in this way are so useful and im-

portant that they have a name. The notation s1, s2, . . . , sn, . . . suggests

a correspondence sn 7→ n between the terms of the sequence and the

natural numbers. Even the notation {x1, x2, . . . , xn} for a finite set

can be thought of in terms of a correspondence xn 7→ n between the

elements of the set and the natural numbers, but in this case the cor-

respondence will not be onto (i.e. there will be lots of natural numbers

“left over”).

Definition B.3.2 (Countability). A set X is countable if |X| ≤ |N|.
Otherwise it is uncountable.
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Theorem B.12. Q+ is countable.

Proof. In Exercise B.1.6 we saw how to define the powers of a

natural number. The map ψ : Q+ → N : p
q
7→ 2p3q (where the positive

rational p
q

is written in its “lowest terms) can be shown to be well

defined and one-to-one using Theorem B.10. �

In the above proof, it is not entirely obvious why the definition of

ψ is unambiguous. One needs to be sure that the idea of writing a

rational in its “lowest terms” is well defined and that if 2p3q = 2r3s

then p = r and q = s so that ψ is one-to-one. Fortunately, these things

are true by the Theorem B.10. Although absolutely correct, this proof

is rather formal and may fail to convince some readers. The following

table illustrates a more intuitive way of putting the positive rationals

into a list q1, q2, . . . , qn, . . . .

1
1
→ 2

1
3
1
→ 4

1
5
1
→ 6

1
. . .

↙ ↗ ↙ ↗ ↙ ↗
1
2

2
2

3
2

4
2

5
2

6
2

. . .

↓ ↗ ↙ ↗ ↙ ↗
1
3

2
3

3
3

4
3

5
3

6
3

. . .

↙ ↗ ↙ ↗
1
4

2
4

3
4

4
4

5
4

6
4

. . .

↓ ↗ ↙ ↗
1
5

2
5

3
5

4
5

5
5

6
5

. . .

↙ ↗
1
6

2
6

3
6

4
6

5
6

6
6

. . .

↓ ↗
1
7

2
7

3
7

4
7

5
7

6
7

. . .
...

...
...

...
...

...

Imagine the table extending infinitely downwards and to the right

and imagine that the zig-zag pattern of the path indicated by the arrows

continues indefinitely. It is then intuitively clear that all of the positive

rationals appear in the table and that the path eventually reaches each

element in the table. The fact that there is so much redundancy in

the table is not a problem (for example, all of the equivalent fractions
1
2

= 2
4

= 3
6

= . . . appear in the table). We can easily write the positive

rationals in a list q1, q2, . . . , qn, . . . by following the path but omitting

those fractions for which an equivalent expression has already appeared.
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Although we have not yet finished constructing the real numbers,

some advance comments on the countability of various subsets of R
can now be made. Once constructed, it can be shown that both Z and

Q and are countable (See Exercises B.5.5 and B.5.7). It may therefore

seem surprising that R and R+ are uncountable. We will come back to

this point later. For now let’s observe that there are sets of arbitrarily

large cardinality.

Definition B.3.3 (Power Set). Let A be a set. The power set of A

is the set of all subsets of A (don’t forget that this includes ∅ and A

itself) and is denoted P(A).

Theorem B.13 (Cantor’s Theorem). |A| < |P(A)| for any set A.

Proof. Exercise B.3.3. �

Cantor’s Theorem lets us construct a sequence of infinite sets of

strictly increasing cardinality

|N| < |P(N)| < |P(P(N))| < |P(P(P(N)))| < . . .

and by definition the sets P(N),P(P(N)),P(P(P(N))), . . . are all un-

countable.

Exercises for Section B.3

B.3.1. Explain why the map defined in Theorem B.12 really is onto.

B.3.2. Suppose ∅ 6= Y ⊆ X. Prove that |Y | ≤ |X| by defining a

one-to-one function ψ : X → Y . (Easy!)

B.3.3. Here we prove Cantor’s Theorem. Let A be a set.

(a) Show that |A| ≤ |P(A)| by defining an one-to-one mapping

ψ : A→ P(A).

(b) Suppose that |A| ≥ |P(A)| so there is a one-to-one and onto

map ψ : A → P(A). Let E = {x ∈ A : x /∈ ψ(x)}. Since ψ

is onto, ψ(z) = E for some z ∈ A and either z ∈ E or z /∈ E.

Show that both of these assumptions leads to a contradiction.

What do you conclude?

B.3.4. Prove that |N| ≤ |Q+|.

B.3.5. Prove carefully that any subset of a countable set is countable.
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B.3.6. Prove carefully that any set containing an uncountable subset

is also uncountable.

B.4. Thinking Positive

A crucial property of the real numbers which enables us to do anal-

ysis is the least upper bound property. We design the next step in our

construction with the express purpose of ensuring that R+ has this

property. The idea behind the construction can be motivated by con-

sidering the problem of creating the irrational number
√

2 out of thin

air. Although we don’t yet have
√

2 in our number system, we know

which elements of Q+ that are less than
√

2. They are the positive

rationals whose squares are strictly less than 2. We can think of the

set X = {x ∈ Q+ : x2 < 2} of all such positive rationals as pinpointing

the missing number
√

2 geometrically. In fact we could even think of

this set as defining
√

2.

X

“defines” X

0

2

Our construction of R+ will be based on this idea of defining each

positive real by the set of all positive rationals strictly to the left of

it. This echoes the work of Richard Dedekind (1831–1916) who showed

that we can pinpoint a real number by splitting the rationals into two

sets, one to the left and one to the right of the real number.

X

“defines this real number”X

0 ?

The problem is that we don’t yet have positive reals available to use

in defining such sets and we certainly can’t expect to define all of these

representative sets in the simple way that we did for
√

2. The way

around this problem is to give some axioms describing those sets of

positive rationals that behave as if they were the set of all rationals

strictly to the left of some real number. Such sets have the following

three properties:

(a) they are bounded above,

(b) they have no maximum element and
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(c) they contain all positive rationals to the left of each of their

elements (i.e., if such a set has an element x, then it also has

all rational numbers less than x as elements).

These three properties may be turned into a formal definition.

Definition B.4.1. A nonempty subset X of Q+ is said to be a positive

real number if and only if

(RP1) (∃b ∈ Q+)(∀x ∈ X) x < b (bounded above)

(RP2) (∀x ∈ X)(∃y ∈ X) x < y (no maximum)

(RP3) (∀x ∈ X)(∀q ∈ Q+) q < x =⇒ q ∈ X (no gaps)

The set of all positive real numbers is denoted R+.

We have now defined each real number X as a subset of Q+ using

only properties of Q+ that have already been developed. Soon we will

redefine Q+ as a subset of R+. But first we define “+”,“·” and “≤” on

R+. This can be done in a beautifully simple way. Indeed this is one

the main advantages of our approach to the construction of the reals.

As is often the case, we need a lemma to show that our definitions

make sense.

Lemma B.11. Let X, Y ∈ R+, and let X + Y ⊆ Q+, X · Y ⊆ Q+ be

defined by

X + Y := {x+ y : x ∈ X, y ∈ Y }
X · Y := {x · y : x ∈ X, y ∈ Y }.

Then X + Y ∈ R+ and X · Y ∈ R+.

Proof. See Exercise B.4.1. �

Definition B.4.2. For X, Y in R+ define

X + Y := {x+ y : x ∈ X, y ∈ Y }
X · Y := {x · y : x ∈ X, y ∈ Y }.

Definition B.4.3. For X, Y in R+ we say X ≤ Y if and only if X is

a subset of Y , and X < Y if and only if X is a proper subset of Y .

X0

Y

X Y≤
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The basic laws of arithmetic in R+ can now be established using the

above definitions together with the corresponding properties in Q+.

For results combining the operations and relations, and establishing

the existence of multiplicative identities and multiplicative inverses

(i.e. proving we have division in R+) the following technical lemma

is invaluable.

Lemma B.12. Let X ∈ R+, then

(a) (∀y ∈ Q+)(∃x ∈ X) x+ y /∈ X
(b) (∀z ∈ Q+) 1 < z =⇒ (∃x ∈ X) x · z /∈ X

Proof. See Exercise B.4.3. �

Just as we were able to identify N with a subset of Q+ using an

appropriate embedding, we can identify Q+ with a subset of R+. We

are also able to find a multiplicative identity and multiplicative inverses.

All of this is summarized in a Lemma.

Lemma B.13.

(a) The map ψ : Q+ → R+ : q 7→ {p ∈ Q+ : p < q} is well defined,

one-to-one and for all p, q ∈ Q+

(i) ψ(p+ q) = ψ(p) + ψ(q),

(ii) ψ(p · q) = ψ(p) · ψ(q),

(iii) p ≤ q ⇐⇒ ψ(p) ≤ ψ(q).

(b) ψ(1) = {p ∈ Q+ : p < 1} is a multiplicative identity for R+.

(c) For X ∈ R+ putting X−1 := {x−1 : x ∈ Y } where Y = {y ∈
Q+ : (∃z ∈ Q+) z /∈ X and z < y} gives a (two sided) multi-

plicative inverse to X.

Thus we can define division on R+, where division by X amounts

to multiplication by X−1. We could continue exploring familiar arith-

metic properties of R+ and summarize them in a Theorem analogous

to Theorem B.11 but this is not really necessary at this stage, so we

delay this kind of summary until our construction of the reals is com-

plete. The next result shows just how much we have advanced, because

it shows R+ is analytically complete. We first remind ourselves of the

relevant definitions:

Definition B.4.4 (Least Upper Bounds). Let S ⊆ R+. Then:

(a) B ∈ R+ is an upper bound for S provided X ≤ B for all X ∈ S

(b) S is bounded above if there exists an upper bound for S
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(c) An upper bound B for S is the least upper bound or supremum

for S if B ≤ Z for every upper bound Z for S.

(d) B is called the maximum of S if B is the least upper bound of

S and B ∈ S.

The lower bound, greatest lower bound (or infimum) and minimum

of a set is defined in an analogous fashion. These definitions are all

consistent with their counterparts in Definition B.1.3, but of course in

N a supremum always turns out to be a maximum. This is definitely

not so in R+.

Theorem B.14 (Positive Least Upper Bound). Any non empty subset

of R+ which is bounded above has a least upper bound.

Proof. See Exercise B.4.2. �

To prove this theorem, we start with a non-empty subset S of R+

which is bounded above. Now S is a subset of R+ which makes it a set

of subsets of Q+. As it turns out, the natural way to construct its least

upper bound is to take the union of all of these subsets of Q+. However

this may take some readers into slightly unfamiliar territory, because

we are taking the union of what may be an infinite set of sets. This

is an idea we need to become completely comfortable with in analysis

and topology. Just as the union of finitely many sets U1, U2, . . . , Un is

the set consisting of all elements that are in at least one of the Ui, so

it is with infinite sets of sets. The only difficulty is devising a notation

that keeps track of all of the sets.

To keep track of the individual sets in a finite set of sets we often use

a set of indices. For example the elements of the set {U1, U2, . . . , Un}
is indexed by the elements of I = {1, 2, . . . , n}. We can keep track of

the individual sets in an infinite sets of sets in exactly the same way

except that we need an infinite index set. For example, we can index

the set {Sn : n ∈ N} of all successor sets in N using N itself. Our

general definition of set union uses this idea of an indexed set of sets.

Definition B.4.5 (Set Union). Suppose {Xi : i ∈ I} is a set of subsets

of some set A. Then the union of the elements of {Xi : i ∈ I} is⋃
i∈I

Xi := {x ∈ A : x ∈ Xi for some i ∈ I}.
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Intersections of indexed sets of sets are similarly defined in Chapter

1.

Exercises for Section B.4

B.4.1. Here we prove Lemma B.11.

(a) Show X + Y and X · Y , as defined above, satisfy properties

(RP1) and (RP2) of real numbers.

(b) Let x+ y ∈ X + Y and let p < x+ y. Let p′ = p
x+y

, x′ = p′ · x
and y′ = p′ · y. Explain why p = x′+ y′ ∈ X +Y , and why this

completes the proof that X + Y ∈ R+.

(c) Using similar ideas to (b) show that X · Y ∈ R+.

B.4.2. Let S = {Xi : i ∈ I} be a non empty subset of R+, and let

B ∈ R+ be an upper bound for S. Let L =
⋃
i∈I

Xi.

(a) Show L ∈ R+

(b) Show if Y ∈ S then Y ≤ L (i.e. show L is an upper bound for

S).

(c) Show if Z ∈ R+ and Z < L then there exists Y ∈ S such that

Z < Y (i.e. show S has no smaller upper bound than L).

(d) Parts (b) and (c) show L is the least upper bound of the set S.

Which theorem have we now proved?

B.4.3. Prove Lemma B.12.

B.4.4. Let X = {x ∈ Q+ : x · x < 2}.
(a) Prove X ∈ R+.

(b) Prove X ·X = 2

B.5. Keeping It Real

Now we have the positive reals, we can finish the job of defining all

real numbers. Our method is similar to that used to construct Q+

from N. The construction of Q+ from N as a partition of N × N was

designed to mimic ‘division’. Now we give a partition of R+×R+ that is

designed to mimic ‘subtraction’. Thus in this case each element (X, Y )

of R+ × R+ is informally thought of as a representative of “X − Y ”.

Thus we place (X, Y ) and (S, T ) in the same element of the partition

if we believe “X − Y ” should be equated with “S − T”.
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Definition B.5.1 (Reals). For any (X, Y ) ∈ R+ × R+ we call

[(X, Y )] := {(U, V ) ∈ R+ × R+ : X + V = U + Y }
a real number and the set of all real numbers is denoted R.

As usual, we need a lemma to justify our definition.

Lemma B.14 (Real Equivalence). The set R is a partition of R+×R+.

One can now define +, · and ≤ on R in an obvious manner and find

elements that act as identities for + and · . These tasks are left to the

exercises, where we also identify familiar subsets of R like N,Z and Q.

Convention: Having constructed the real numbers, we now

revert to traditional notation, representing arbitrary elements

of R using lowercase letters. We no longer concern ourselves

with the details of their construction. This allows us to write

proofs in a more readable way than would be possible if we

had to regard the real numbers as equivalence classes of the

Cartesian product of two copies of the positive reals and positive

reals a set of subsets of the positive rationals and so on. We

also define the various types of intervals (a, b), (a,∞), [a, b],

[a, b), [a,∞) etc, in the usual way.

With this user friendly notation, we summarize the basic arithmetical

properties of R using the definition of an Archimedean ordered field.

Definition B.5.2 (Ordered Field). An ordered field consists of a set F

together with two commutative operations + and · with identities 0 and

1 respectively and an ordering ≤ satisfying the following conditions:

(a) x · (y + z) = x · y + x · z (distributive law)

(b) (∀x ∈ F )(∃x′ ∈ F ) x+ x′ = 0 (additive inverses)

(c) (∀x ∈ F \ {0})(∃x′ ∈ F ) x · x′ = 1 (multiplicative inverses)

(d) ≤ is a total order (See Theorem B.4 for definition)

(e) (∀x, y ∈ F ) 0 ≤ x, y =⇒ 0 ≤ xy (positivity)

(f) (∀x, y, z ∈ F ) x ≤ y =⇒ x+ z ≤ y + z (order translation)

Theorem B.15 (Ordered Field). R is an ordered field and also has

the Archimedean property that for each x ∈ R there is an n in N such

that x < n.
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Proof. See Exercise B.5.8. �

The property of the reals that is most important from the analytic

perspective follows easily from the corresponding property for R+.

Theorem B.16 (Least Upper Bound). Any non empty subset of R
which is bounded above has a least upper bound.

Proof. See Exercise B.5.9. �

The following lemmas are easy to prove using Theorem B.15 and

turn out to be very useful in topology and analysis.

Lemma B.15 (Finite in R). Every finite subset of R contains a min-

imum and maximum element. The minimum of a finite subset of pos-

itive numbers is positive.

Proof. See Exercise B.5.10. �

Lemma B.16 (Integers Relatively Dense). If a, b ∈ R with b − a > 1

then there is an m ∈ Z such that a < m < b.

Proof. See Exercise B.5.11. �

Theorem B.17 (Rationals Order Dense). If a, b ∈ R with a < b then

there is an m ∈ Q such that a < m < b.

Proof. Using the Archimedean Property at (1) and Relative Den-

sity of Z at (2),

a < b =⇒ b− a > 0 =⇒ 1

b− a > 0 =⇒ (∃q ∈ N)
1

b− a < q (1)

=⇒ q(b− a) = qb− qa > 1 =⇒ (∃p ∈ Z) qa < p < qb (2)

=⇒ a <
p

q
< b

which completes the proof since p
q
∈ Q. �

So that’s it! We have constructed the real numbers using very few

assumptions. Indeed, the only substantive axioms we needed were the

Peano Axioms for the natural numbers. The rest of the construction

depended on the following standard concepts of set theory.

(a) Cartesian products

(b) Equivalence relations

(c) Power sets (i.e., the set of all subsets of a given set)
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(d) Defining a subset of a given set by specifying some properties

that its elements must satisfy

(e) Union of an indexed set of subsets of a given set.

In the remaining section, we develop the idea of decimal representation

of the reals and use it to determine the “size” of our new construction.

Exercises for Section B.5

B.5.1. Devise a definition of the operations “+” and “·” on R in terms

of the operations “+” and “·” on R+ (i.e., to which cells would you

equate the expressions [(A,B)] + [(C,D)] and [(A,B)] · [(C,D)]?)

B.5.2. Which element of R do you believe should be the real number

“0” (the additive identity of the reals)? Which number should represent

the real number “1”? Can you see why there is no multiplicative inverse

to “0”?

B.5.3. Which elements of R should be regarded as positive?

B.5.4. Which elements of R should be regarded as the integers Z?

B.5.5. Show that Z is countable.

Hint: Try the following map:

ψ : N→ Z : n 7→

−n
2

for even n

n−1
2

for odd n

B.5.6. Which subset of R should be regarded as as the set Q of ratio-

nals?

B.5.7. Show that Q is countable.

Hint: Look at the map used in Exercise B.5.5.

B.5.8. Prove one of the properties of Theorem B.15. Take your pick,

but state which property you are proving.

B.5.9. Prove Theorem B.16 from the corresponding property of R+.

B.5.10. Prove Lemma B.15 using Theorem B.15.

B.5.11. Prove Lemma B.16 using Theorem B.15.
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B.6. Numbers Beyond Count

We would like to be sure at this point that our construction of the

reals actually yielded something new. It would be rather depressing to

find that all of this work has really left us with nothing more than the

rational numbers. We could overcome this concern by establishing the

existence of a few specific irrational numbers (as in Exercise B.4.4),

but we can do better. Since Q is countable by Exercise B.5.7, the

following theorem establishes that there are many, many more reals

than rationals.

Theorem B.18. R is uncountable.

It is possible to proceed directly to a proof of Theorem B.18 using

the least upper bound property and the Inductively Defined Functions

Theorem (see Exercise B.6.9). However this is quite difficult and there

is an alternative proof that relies on the familiar idea of representing

real numbers as decimals. In Section B.1 we represented a natural

number a in decimal form by defining a map ra : N → D (with D as

in Definition B.1.4) such that ra(n) = 0 for all n greater than some

Na and ra(Na) 6= 0. This map was designed to yield the usual decimal

representation of a as follows:

ra(Na)ra(Na − 1) . . . ra(1)

To extend decimal representation to R+, we need to represent the “frac-

tional” part of a positive real number x – the residue when one subtracts

largest integer less than or equal to x. Exercise B.6.3 shows that the

following definition makes sense.

Definition B.6.1 (Floor). Let x ∈ [0,∞). Then

bxc =

max(Px) if Px 6= ∅

0 if Px = ∅

where Px = {n ∈ N : n ≤ x}, is called the floor of x.

Lemma B.17 (Floor). For any x, y ∈ R+:

(a) 0 ≤ x− bxc < 1.

(b) bxc = byc =⇒ y − x < 1.

Proof. See Exercise B.6.4. �
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Part (a) of Lemma B.17 shows that the fractional part x− bxc of x

lies in in [0, 1), so provided we can define decimal representations for

elements of [0, 1), we can put them together with the representations

for the “integer part” as defined in Section B.1 to obtain the decimal

representation of any x ∈ R+. It is then a relatively straightforward

matter (see Exercise B.6.5) to extend decimal representation to the

whole of R.

Our approach to defining the decimal representation of a ∈ [0, 1) is

similar to the approach we used to define the decimal representation of

a ∈ N except that instead of repeatedly dividing by T and remembering

quotients and remainders, we repeatedly multiply by T and remember

the fractional and integer parts. For a ∈ [0, 1) we have Ta ∈ [0, T ) so

bTac ∈ D and Ta− bTac ∈ [0, 1). Thus

g : [0, 1)×D → [0, 1)×D : (u, v) 7→ (Tu− bTuc, bTuc)

is well-defined and so is xa = (Ta − bTac, bTac) for any a ∈ [0, 1).

Theorem B.1 therefore gives da : N → [0, 1)×D such that da(1) = xa
and da(s(n)) = g(da(n)) for all n ∈ N. For convenience we let fa(n)

and ia(n) denote the coordinates of da(n) so that

da(n) = (fa(n), ia(n)).

It will be convenient to use powers of T as defined in Exercise B.1.6.

Lemma B.18. Let a, b ∈ [0, 1).

(a) dfa(1)(n) = da(s(n)) for all n ∈ N.

(b) If ia(k) = ib(k) for all k ≤ n then b− a < 1
Tn

.

(c) For all n ∈ N there is a k ≥ n such that ia(k) 6= 9.

Proof. See Exercise B.6.6. �

Theorem B.19 (Decimal Representation).

(a) For a, b ∈ [0, 1) we have a 6= b =⇒ ia 6= ib.

(b) Let u : N→ D. Then

(∃a ∈ [0, 1)) u = ia ⇐⇒ (∀n ∈ N)(∃k ≥ n) u(k) 6= 9.

Proof. See Exercise B.6.8. �

Part (a) of the theorem shows that distinct numbers have distinct

decimal representations, so our method gives a valid representation.
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It also gives a unique one. This is not the case for conventional dec-

imal representations. As you may know, any rational of the form k
10n

where k 6= 0 has two possible decimal representations in the traditional

system, one of them ending in an infinite string of 0’s and the other end-

ing in an infinite string of 9’s. For example 1
10

= 0.1 = 0.0999 . . . , 1
2

=
5

101
= 0.5 = 0.49999 . . . and so on. For such a number, part (b) of the

theorem shows that the representation we defined above always gives

the representation ending in an infinite string of 0’s (the so-called the

terminating representation).

Proof of Theorem B.18. Theorem B.13 shows that P(N) is un-

countable. For each S ∈ P(N) define uS : N→ D by

uS(n) =

1 if n ∈ S
0 if n /∈ S.

By Theorem B.19(b) for each S ∈ P(N) there is an aS ∈ [0, 1) such

that uS = iaS and by Exercise B.6.1 the map ψ : P(N) → [0, 1) :

S 7→ as is one-to-one, so |P(N)| = |ψ(P(N))| and hence ψ(P(N)) is an

uncountable subset of R. Since a set containing an uncountable subset

is also uncountable by Exercise B.3.6, we see that R is uncountable. �

The proof of Theorem B.18 works by showing that |P(N)| ≤ |R|. In

fact, it can be shown that |P(N)| = |R| (see Exercise B.6.2).

We have considered the idea of set cardinality only briefly here. For

the purposes of the rest of our work in topology and analysis, it gener-

ally suffices to remember the following facts about the cardinalities of

well known sets.

|F | < |N| = |Z| = |Q+| = |Q| = |Qn| < |R+| = |R| = |Rn| = |I|
where F is any finite set and I is any non-degenerate interval.

Exercises for Section B.6

B.6.1. Prove carefully that the map ψ defined in the proof of Theorem

B.18 is one-to-one. You will need Theorem B.19(a).

B.6.2. Here we show that |R| ≤ |P(N)|.
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(a) Show that |R+| = |R|.
(b) Use Definition B.2.1 to show that |R+| ≤ |P(Q+)|.
(c) Use Theorem B.12 to complete the proof.

B.6.3. Here we show that bxc is well defined for x ∈ [0,∞).

(a) Use the the Archimedean property of R to show that

Px = {n ∈ N : n ≤ x}
is bounded above.

(b) Use Theorem B.6 to establish that bxc exists.

B.6.4. Here we prove Lemma B.17.

(a) Prove part (a) of the Lemma by contradiction using Lemma

B.16 .

(b) Prove part (a) of the Lemma similarly.

B.6.5. (a) Prove that h : [0,∞) → (−∞, 0] : x 7→ −x is one-to-

one and onto.

(b) Use (a) to show how to define the decimal representations of

negative real numbers.

B.6.6. Here we prove Lemma B.18 Let a, b ∈ [0, 1).

(a) Prove part (a) of the Lemma by induction.

(b) Let

X = {n ∈ N : ia(k) = ib(k) for all k ≤ n =⇒ b− a < 1

T
.

Show that 1 ∈ X using the definitions of ia and ib.

(c) Let n ∈ X and suppose ia(k) = ib(k) for all k ≤ n. Explain

why bTac = bTbc.
(d) Use (a) to show that fb(1)− fa(1) < 1

Tn
and hence show that

b− a < 1
T s(n)

using (c) and the definitions of fa(1) and fb(1).

(e) Prove part (c) of the Lemma by induction on n.

B.6.7. (a) Use Exercise B.1.12 and induction to show that n ≤ T n

for all n ∈ N.

(b) Use part (a) and the Archimedean Property of R to prove that

(∀ε ∈ R+)(∃n ∈ N)
1

T n
≤ ε.



B.6. NUMBERS BEYOND COUNT 151

B.6.8. Here we prove Theorem B.19.

(a) Use Lemma B.18 and Exercise B.6.7(b) to prove part (a) of

the Theorem.

(b) Suppose u : N→ D satisfies

(∀n ∈ N)(∃k ≥ n) u(k) 6= 9.

Use the Theorem B.1 to show there is a map tu : N→ Q+ such

that tu(1) = u(1)
T

and tu(s(n)) = tu(n) + u(1)
Tn

for all n ∈ N.

(c) Show that tu(n) < 1 for all n ∈ N and hence that sup{tu(n) :

n ∈ N} < 1. (Be careful, you need to use the fact that ia(k) 6= 9

for some k ∈ N to prove the second part.)

(d) Prove that fa(n) = T n(a − tu(n)) for all n ∈ N by induction

and hence show that ia = u.

B.6.9 (*). Here we give a proof of Theorem B.18 without using decimal

representations. Suppose the reals are countable, write them as an

ordered list

x1, x2, . . . , xn, . . .

and assume WLOG that the xi are all distinct. We will use the Induc-

tively Defined Functions Theorem to define a sequence {(mi, ni)} of

ordered pairs of natural numbers. Let S = {(a, b) ∈ N× N : xa < xb}.
(a) Let m1 = 1. Explain why n1 = min{k ∈ N : x1 < xk} is well

defined and why (m1, n1) ∈ S.

(b) Use Theorem B.17 show that

h : S → N : (a, b) 7→ min{k ∈ N : xa < xk < xb}

is well defined.

(c) Show that

(i) (a, b) ∈ S =⇒ (h(a, b), b) ∈ S.

(ii) (c, b) ∈ S =⇒ (c, h(c, b)) ∈ S.

(d) Use (c) to show that

g : S → S : (a, b) 7→ (h(a, b), h(h(a, b), b))

is well defined.

(e) Apply the Inductively Defined Functions Theorem to obtain a

unique f : N → S such that f(1) = (m1, n1) and f(i + 1) =

g(f(i)).
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(f) Let mi denote the first component of f(i) and ni denote the

second component of f(i). Show that

xmi < xmi+1
< xni+1

< xni

for all i ∈ N and hence

xm1 < xm2 < xm3 < · · · < xn3 < xn2 < xn1 .

(g) Explain why L = {xmi : i ∈ N} has a least upper bound x and

why x = xj for some j ∈ N.

(h) Explain why xmi < xj and xj < xni for all i ∈ N .

(i) Prove that mi+1 > mi for all i ∈ N. You will need to treat the

cases i = 1 and i > 1 separately.

(j) Prove that j > mi for all i ∈ N. You will need to treat the

cases i = 1 and i > 1 separately.

(k) Use (i), (j) and Exercise B.6.11 to obtain a contradiction.

B.6.10 (*).

(a) Let R∗ :=
⋃
n∈NRn and let S be the set of functions mapping

R∗ into R. Give a formula for a map σ : R → R (so σ ∈ S)

and a formula for a map g : R∗ → R∗ such that applying

Theorem B.1 to σ and g yields a map Σ : N → S such that

Σ(n) : Rn → R is the “n-place summation operator” on R. In

other words Σ(n) takes n real numbers and adds them together.

(b) Use the method of part (a) to define a “product operator” Πn

that multiplies n real numbers together.

B.6.11. Let m : N → N be a strictly increasing sequence of natural

numbers so m(i) < m(s(i))) for all i ∈ N and let j ∈ N. Use the Peano

Axioms to prove carefully that (∃i ∈ N) j ≤ mi.

[Hint: Consider X = {k ∈ N : (∃i ∈ N) k ≤ mi}.]
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