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Defining Bases

Many useful topological spaces are of the form A×B where (A,S)
and (B, T ) are topological spaces,

EG:

R2, [0,1]× [0,1], S1 × S1, [0,1]× S1

We want to define a “natural" topology on A× B using S and T .
We will give the standard method of defining such a product
topology.
To make this easier, we first study bases for topological spaces.

Definition 1 (Base for a topology)

Let (A,S) be a topological space. Then B ⊂ S is a base for S if every
open set in S can be expressed as a union of sets from B.

}
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Bases are rarely unique. A space typically has many bases.

We often choose to use a particular base for its simplicity or
suitability for a particular purpose.
Where there is no potential for confusion we often call the
elements of a base basic open sets.
The open sets in the base are often “simpler” than open sets in
general.
This feature of bases often leads to simpler proofs.

}
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Some Examples

Example 1
Let (A,d) be a metric space. The following sets of open balls are
bases for the metric topology on A.

B1 = {Br (x) : r ∈ R+, x ∈ A}, B2 = {Br (x) : r ∈ Q+, x ∈ A}

Example 2
The following sets of open intervals are bases for the Euclidean
topology S on R.

B3 = {(a,b) : a,b ∈ R, a < b}, B4 = {(a,b) : a,b ∈ Q, a < b}

Example 3
B5 = {[a,b) : a,b ∈ R, a < b} is a base for the half interval topology
on R. But B = {[a,b) : a,b ∈ Q, a < b} is not (e.g. [

√
2,∞)).

}

Lecture 10 4 / 17



Some Examples

Example 1
Let (A,d) be a metric space. The following sets of open balls are
bases for the metric topology on A.

B1 = {Br (x) : r ∈ R+, x ∈ A}, B2 = {Br (x) : r ∈ Q+, x ∈ A}

Example 2
The following sets of open intervals are bases for the Euclidean
topology S on R.

B3 = {(a,b) : a,b ∈ R, a < b}, B4 = {(a,b) : a,b ∈ Q, a < b}

Example 3
B5 = {[a,b) : a,b ∈ R, a < b} is a base for the half interval topology
on R. But B = {[a,b) : a,b ∈ Q, a < b} is not (e.g. [

√
2,∞)).

}

Lecture 10 4 / 17



Some Examples

Example 1
Let (A,d) be a metric space. The following sets of open balls are
bases for the metric topology on A.

B1 = {Br (x) : r ∈ R+, x ∈ A}, B2 = {Br (x) : r ∈ Q+, x ∈ A}

Example 2
The following sets of open intervals are bases for the Euclidean
topology S on R.

B3 = {(a,b) : a,b ∈ R, a < b}, B4 = {(a,b) : a,b ∈ Q, a < b}

Example 3
B5 = {[a,b) : a,b ∈ R, a < b} is a base for the half interval topology
on R. But B = {[a,b) : a,b ∈ Q, a < b} is not (e.g. [

√
2,∞)).

}

Lecture 10 4 / 17



Countability and Separability

B4 contains countably many sets because there is a one-to-one map
between intervals in B4 and ordered pairs (a,b) in Q×Q.

Definition 2 (Second Countable Spaces)
A topological space (A,S) is called second countable (⇔ satisfies the
second axiom of countability), if there exists a countable base for S.

Definition 3 (First Countable Spaces)
A topological space (A,S) is called first countable (⇔ satisfies the first
axiom of countability), if for every point x ∈ A there exists a countable
“local base at x": a countable set of open sets containing x such that
any open set containing x contains one of them.

Definition 4 (Separable Spaces)
A topological space (A,S) is called separable, if it contains a countable
dense subset.

}
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Examples

Example 4 (Separability)

R is separable.
Rn is separable.
(R, half interval topology) is separable.
Finite-closed topology is separable.
C[0,1] is separable (from the famous Stone-Weierstrass theorem).
Any compact metric space is separable.
R (or anything large) with the discrete topology is not separable.

Example 5 (First countability axiom)

Any metric space is first countable.
(R, half interval topology) is first countable.
R (or anything large) with finite-closed topology is not first
countable.

}
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Second, first, separable

Theorem 1

1 (second)⇒ (first + separable).
2 (first + separable) ; (second). Example: (R, half interval

topology).
3 For metric spaces, (first + separable)⇒ (second).

Better: “A separable metric space is second countable".

Proof.

1 Let B be a base for (A,S). For x ∈ A, a local countable base is the
set of all U such that x ∈ U ∈ B. Hence second⇒ first. For every
B ∈ B, choose an arbitrary xB ∈ B. The set {xB} is countable and
dense. Hence second⇒ separable.

2 Any base for the half interval topology on R, for any x ∈ R, must
contain a set whose minimum is x . Hence any base is
uncountable.

}
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What’s Second Countable?

3 Let D ⊂ (A,d) be a dense, countable subset. Then the set of balls
B = {Br (x) : r ∈ Q+, x ∈ D} is a countable base for A.

Indeed, B
is countable. To see that B is a base, by some Lemma, it suffices
to show that for any open set U ⊂ A and any y ∈ U, there is a ball
Br (x) ∈ B such that y ∈ Br (x) ⊂ U. Now for some ε > 0 we have
Bε(y) ⊂ U. Take x ∈ D ∩ Bε/3(y) and take r ∈ Q ∩ (2ε

3 , ε3).

Corollary 1
The following spaces are second countable: Rn, C[0,1], any compact
metric space, . . .
The following topologies on R are not second countable: discreet,
finite-closed, half interval, . . .

We can use the contrapositive to Theorem 1(3) to prove
non-metrisability. }
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Metrisability revisited

Corollary 2
The real line with the half interval topology is not metrisable (although
it is Hausdorff).

Proof.
R with the half interval topology is separable. If it were metrisable, it
would be second countable. Contradiction with Theorem 1.

Both the Hausdorffity and first countability are necessary for
metrisability. Are they sufficient? No, but close:
Theorem 2 (Urysohn’s metrisation theorem)
A regular second countable topological space is metrisable.

“Regular" is somewhat stronger than “Hausdorff": a point and a disjoint
closed set must be contained in disjoint open sets.
By Question 2 of Assignment 2, (compact + Hausdorff)⇒ (regular).
Note that any metric space is regular, but doesn’t have to be second
countable (EG: R with discrete metric).

}
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Life Is So Easy Now

Proofs involving open sets can often be turned into proofs
involving only basic open sets.

If we use a base of sets which are easy to work with, this often
makes the proofs easier.

Lemma 1
Let (A,S) have base B. A subset K of A is compact if and only if every
open cover of K consisting of elements of B has a finite subcover.

(K compact ⇐⇒ every basic open cover has a finite subcover.)

Proof.
⇒ is obvious. ⇐ follows from definition: given an open cover C,
replace every set by a union of basic open sets, extract a finite basic
subcover from it, and then take the sets from C which contain the
elements of that subcover.

}
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More Easiness

Lemma 2
Let (A,S) have base B and let B ⊂ A. Then x ∈ B if and only if every
element of B containing x intersects B.

Lemma 3
Let (A,S) and (B, T ) be spaces and let B be a base for T . A map
f : A→ B is continuous if and only if f−1(U) ∈ S for every U ∈ B.

(f continuous ⇐⇒ the preimage of every basic open set is open.)

Lemma 4
Let (A,S) be a topological space with base B. Then B is dense in A if
and only if U ∩ B 6= ∅ for every non-empty U ∈ B.

Proofs of all three are easy; follow from definition. Exercise.
There are many more results of a similar flavour.

}
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Let (A,S) be a topological space with base B. Then B is dense in A if
and only if U ∩ B 6= ∅ for every non-empty U ∈ B.

Proofs of all three are easy; follow from definition. Exercise.
There are many more results of a similar flavour.
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Bases and Subspaces

Lemma 5
Let B be a base for some topological space (A,S) and let X be any
subset of A. Then C = {U ∩ X : U ∈ B} is a base for the subspace
topology on X.

Theorem 3 (Second Countable Subspaces)
Let (A,S) be a second countable topological space. Then every
subspace X of A is second countable.

EG: any subspace of Rn, C1[0,1] with the sup norm, . . .

Proof.
If B is a base for A, then for any B ⊂ A, the set {U ∩ B : U ∈ B} is a
base (by distributivity from Lecture 1: B ∩ (∪i∈IUi) = ∪i∈I(B ∩ Ui)).
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Using Bases to Define Topologies

In retrospect, the topology of a metric space was constructed by:

define the basic open sets to be the open balls.
define the open sets in such a way as to be unions of open balls.

One can define the half interval topology similarly:

define intervals of the form [a,b) to be the basic open sets
then declare the open sets to be those obtained by taking unions of
basic open sets.

These two steps are very often used to define a topology on A:

Define a set B of basic open sets.
Declare the open sets to be those obtained by taking unions of the
basic open sets.

But there could be a problem.
We must impose restrictions on B to ensure it will be a base for
some topology on A.

}
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Making Sure a Base Works

Theorem 4 (Base for Something)

Let B be a set of subsets of A. The set B is a base for some topology
on A if and only if the following conditions hold:

(a) The union of all sets from B is A.
(b) The intersection of any two sets in B is a union of sets from B.

The set S of all unions of sets from B is a topology on A and B is a
base for S.

Proof.
(a,b)⇒ (S is a topology) by definition: ∅ is the intersection of empty
subset of B and the finite intersection of sets from S belongs to S by
distributivity. Other way around: given a collection B of subsets such
that their all possible unions form a topology S, (a) is easy: some
union must be A, so the the union of all sets from B is A. And (b) is
trivial as B ⊂ S.

}
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Nice Bases

If either U ∩ V = ∅ or U ∩ V ∈ B for all U,V ∈ B, then B satisfies
(b) of Theorem 4. If B has this property we call it “nice".
This is often how (b) holds in applications of the theorem.

Example 6
Our bases for the Euclidean topology on R both work this way:

B3 = {(a,b) : a < b ∈ R} and B4 = {(a,b) : a < b ∈ Q}

Example 7
The following sets of subsets of R work this way and so form bases for
topologies S1 and S2 on R.

B1 = {[a,b) : a < b ∈ R} and B2 = {(a,b] : a < b ∈ R}

S1 is the half interval topology on R; (R,S2) is homeomorphic to it.
}
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}
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Nice Bases

If either U ∩ V = ∅ or U ∩ V ∈ B for all U,V ∈ B, then B satisfies
(b) of Theorem 4. If B has this property we call it “nice".
This is often how (b) holds in applications of the theorem.
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Not All Bases are Nice

Example 8

The set of open balls is a base for the Euclidean topology on R2, but
intersections of open balls need not be open balls:

Intersection of open balls is a union of
smaller balls.

•
•

••
a

ε •
b
ε

Intersection of two open balls is 

a union of smaller open balls.

Example 9

Open rectangles form a “nice" base for R2:

B = {(a,b)× (c,d) : a,b, c,d ∈ R}

}
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A Nice Base for R2.

In fact, every open subset of R2 is a union of open rectangles
(a,b)× (c,d). Thus the open rectangles indeed form a base for R2.

This can be proved using the Every Ball
Contains a Box Theorem (EBCBT). Or use
the fact that the max norm on R2 is equiva-
lent to the Euclidean norm (Assignment 2,
Bonus Question 1.)

U

}
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