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A circumscribed square

Theorem 1
Any compact (“any curve") on the plane can be inscribed in a square.

Proof.
Intermediate value Theorem.

Uses the continuity of the “support line".
A support line is somewhat similar to the tangent line.
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Diameter

Definition 1
For a subset S in a metric space (A,d), the diameter is defined by
diam(S) = sup{d(x , y) : x , y ∈ S}.

Examples: a triangle, a circle, a regular simplex in Rn.

Borsuk’s Conjecture, ∼ 1930
Given a compact in Rn of diameter 1, can we cut it into n + 1 pieces of
a smaller diameter?

Why n + 1? because of a regular simplex.

Theorem 2 (Borsuk)
The Conjecture is true on the plane: any compact of diameter 1 can be
cut into three pieces of a smaller diameter.

}
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Borsuk’s Conjecture

True for n = 3. True for “nice" shapes (e.g. bounded by smooth
surfaces). False in general (Kahn-Kallai, 1993)! Counterexample:
combinatorial; vertices of a cube (originally of dimension 1326; now
down to 64; in between, an open question).

Proof.
Inscribe in a regular hexagon of “width 1". First in a rhombus with
angle 600, then Intermediate Value Theorem.
Then cut into three pieces.

}
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Jordan Theorem

Theorem 3 (Jordan, 1887)
Every simple closed curve on the plane divides it into two regions – the
bounded (interior) and the unbounded (exterior).

“Simple closed curve" means a homeomorphic image of a circle.
“Region" means an open path connected subset.
“Obvious", but quite nontrivial to prove in full: the curve can be very
“wiggly".
Not true on a torus (or on something more complicated).

}
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Jordan Theorem, the proof

Proof for polygonal curves.
Let P be a polygonal curve. Choose a fixed direction v in the plane not
parallel to any of the edges of P. For any point x ∈ R2 \ P define
φ(x) ∈ {0,1} to be the parity of the number of crossings of the ray
starting at p in the direction of v . (special definition when passes
through a vertex). Let Ai ⊂ R2 \ P be the set of points x such that
φ(x) = i , i = 0,1. If a straight line segment doesn’t cross P, then it lies
in an Ai . If two points lie close to each other from the other sides of P,
then they lie in different Ai ’s. And finally, Ai ’s are path connected. Take
p,q ∈ Ai , join by a segment, denote p′,q′ the first and the last point on
pq ∩ P. Follow P from just before p′ to just q′. We end up at the same
side as q.
And moreover, all the points which are “far enough" belong to A0. This
is the exterior. The other domain is the interior.

}
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Plane-filling curve

Following Peano (1890) and Hilbert (1891) we construct a continuous
“curve" which passes through all points of the unit square.
More precisely, we construct a continuous surjective map
f : [0,1]→ [0,1]× [0,1].
Algorithm:

Split the unit square into 4 equal subsquares and consider the
polygonal u curve consisting of three segments whose endpoints
lie in the centers of the squares. The corresponding map
f1 : [0,1]→ [0,1]× [0,1] is such that f1[0, 1

4 ] lies in the first
subsquare, f1[0, 1

4 ] lies in the second subsquare, and so on.
Split each of the 4 squares into 4 equal subsquares and consider
the following curve: make the curve in step 1 twice smaller and
place a copy of it in each of the four squares, as is in the top two
squares, rotated 900 clockwise in the bottom left square, and
rotated 900 counterclockwise in the bottom right square. Join the
dots. The corresponding map f2 : [0,1]→ [0,1]× [0,1] is such
that f2[ i−1

16 ,
i

16 ], i = 1, . . . ,16, lies in the i-th small subsquare.
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Peano curve

Repeat to construct f3.
And all fn, n ∈ N.

For every t ∈ [0,1], there is a limit limn→∞ fn(t) := f (t). Proof: smaller
and smaller squares; defined by the quaternary presentation of t ; ε− δ
argument.
The resulting function f is continuous. Again, smaller and smaller
squares and an ε− δ argument.
The image of f is the whole unit square. Every point can be
represented as the sequence of nested squares. Their “preimages"
define a point on [0,1].
The map f is NOT injective. If it were, then [0,1] and [0,1]× [0,1]
would be homeomorphic. They are not: the square has no cut points.

}
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