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Convex polyhedra

For many convex polyhedra we have V − E + F = 2, e.g. for a
pyramid, a prism (including parallelepipeds), an octahedron, etc. Is
that a coincidence?
Topologically speaking, via a central projection, we have an arbitrary
connected graph embedded in the sphere. We denote V and E the
numbers of its vertices and edges, respectively, and F , the number of
domains.

Theorem 1 (Euler, 1751 (Descartes, 1639?))
V − E + F = 2, for any connected graph on the sphere (and on the
plane, if we count the outer domain).

Proof.
Either consider the spanning tree, or keep removing the edges.

}
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Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10. In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6.

In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10. In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10. In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10. In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10. In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 :

V = 5,E = 10. In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10.

In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10. In K3,3 :

V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10. In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Corollaries

Corollary 1
In a simple planar graph with V ≥ 3 vertices, E ≤ 3V − 6. In a simple
planar graph with V ≥ 3 vertices, all of whose cycles have length at
least four, E ≤ 2V − 4.

Proof.
Faces have ≥ 3 sides in the first case, and ≥ 4, in the second.

Corollary 2
The graphs K5 and K3,3 are not planar.

Proof.
K5 : V = 5,E = 10. In K3,3 : V = 6,E = 9; cycles have length ≥ 4.

Theorem 2 (Kuratowski, 1930 (Pontryagin 1927?))
A graph is non-planar iff it can be contracted to either K5 or K3,3.

}

Lecture 13 3 / 12



Platonic solids

Corollary 3

There are only five regular polyhedra in R3 (platonic solids):
tetrahedron, cube, octahedron, dodecahedron and icosahedron.

Proof.
Every vertex has degree m ≥ 3, and every face has n ≥ 3 edges. So
V = 2E/m, F = 2E/n and 2E/m − E + 2E/n = 2, so
E( 1

m + 1
n −

1
2) = 1. So min(m,n) = 3, and either (m,n) = (3,3)

(tetrahedron), or (m,n) = (3,4) (cube), or (m,n) = (4,3) (octahedron),
or (m,n) = (3,5) (dodecahedron), or (m,n) = (5,3) (icosahedron).

}
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Surfaces

Definition 1
A surface is a Hausdorff topological space such that every point has a
neighbourhood (is contained in an open set) U homeomorphic to R2.

This is in fact the definition of a topological manifold of dimension 2. In
general, nothing can stop us from defining a manifold of dimension n.
Nothing changes if we replace R2 with an open disc or an open
rectangle.
Examples: the plane, the sphere, the sphere with finite number of
points removed, a torus, a punctured torus, the Klein bottle, the
paraboloids of one and of two sheets, etc.
Non-examples: a cone, a “book", a surface with boundary.

Definition 2
A surface with boundary is a Hausdorff topological space such that
every point has a neighbourhood U homeomorphic to either R2 or a
closed half-plane of R2.

}
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Sphere with handles

Examples: closed Möbius strip, closed disc, a torus with an open disc
removed – a handle.
A sphere with k handles is obtained by taking the sphere, removing k
open discs and gluing in k handles. Formally: the quotient space of
the corresponding disjoint union. Example: a sphere with 0 handles is
the sphere, a sphere with 1 handle is a torus, a sphere with 2 handles
is a double torus, etc.

Lemma 1

Gluing the 4k-gon below along the corresponding arrows gives a
sphere with k handles
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Orientability

A closed curve on a surface is called orientation-reversing, if there is
no continuous orientation of small circles centered at the points of the
curve. Example: middle line on the Möbius band; non-example:
equator on the sphere.

A surface (with or without the boundary) is called one-sided
(non-orientable) if it contains an orientation-reversing curve. A surface
is called two-sided (orientable) otherwise.
Examples of non-orientable surfaces: the Möbius band, the Klein
bottle, the projective plane.
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Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs.

Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined:

it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs.

By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc.

Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2.

Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G.

We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.

Take a face of G2 and apply the Euler Theorem.

}

Lecture 13 8 / 12



Euler characteristic of surfaces

Let S be a surface and G a graph drawing on it such that S \G is a
disjoint union of domains homeomorphic to discs. Let V ,E , and F be
the numbers of vertices, edges and faces in the drawing of G.

Definition 3
The number χ(S) = V − E + F is called the Euler characteristic of S.

Theorem 3
The Euler characteristic is well defined: it only depends on S, not on G.

Proof.
Let G1 and G2 be two “good" graphs. By slight perturbation we can
assume that the edges cross finite number of times, etc. Consider
G1 ∪G2. Place a vertex at every edge crossing and denote the
resulting graph G. We prove that V − E + F = Vi − Ei + Fi , i = 1,2.
Take a face of G2 and apply the Euler Theorem.

}
Lecture 13 8 / 12



Euler characteristic of surfaces: examples

χ(sphere) = 2.
χ(torus) = 0.
χ(sphere with k handles) = 2− 2k : by Lemma 1: V = 1, F = 1, and
E = 2k .
χ(Möbius band) = 0.
If S′ is obtained from S by making m holes (removing m disjoint open
discs), then χ(S′) = χ(S)−m. In particular, χ(closed disk) = 1,
χ(“closed cylinder") = 0, χ(handle) = −1.
Suppose the circles l1 and l2 are boundary components on the
surfaces with boundary S1 and S2 respectively. Let S be obtained from
S1 ∪ S2 by identifying l1 with l2. Then χ(S) = χ(S1) + χ(S2).
χ(Klein bottle) = 0 (identifying the sides of the square or gluing two
Möbius bands along the boundaries).
χ(projective plane) = 1 (identifying the sides of the square (V = 2)or
attaching a disc to the Möbius band).

}
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Vector fields

We consider continuous (tangent) vector fields on surfaces. Given a
vector field v , a point p on the surface is called singular, if v(p) = 0,
and regular otherwise. Suppose v has a finite number singular points
on a surface S.
The index of the vector field v at a point p: “the number of full turns that
v makes when a point makes one counterclockwise full turn on a small
circle centered at p" (formal definition requires the fundamental group).

unstable node (index = 1);
stable node (index = 1);
saddle (index = −1);
centre (index = ±1).
Exercise: point of index 2.
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Poincaré-Hopf Theorem

Theorem 4 (Poincaré 1885, n = 2; Hopf 1926, all n)
The sum of the indices of a vector field having a finite number of
singularities on a closed orientable surface S equals χ(S).

Examples: a sphere, a torus.

1 Prove that the sum of the indices doesn’t depend on a continuous
vector field having a finite number of singularities.

graph: faces are discs and contain ≤ 1 singularity of each field;
fields agree in the vertices;
the index can be measured along the boundary of a face;
rearrange the summations.

2 Construct a vector field from a given graph, with singularities in the
vertices, in the midpoints of the edges and in the centers of faces.

vertices: unstable nodes (index = 1);
“centres" of faces: stable nodes (index = 1);
midpoints of edges: saddles (index = −1).

}
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Corollaries

Corollary 4 (Hairy ball Theorem)
A continuous (tangent) vector field on the sphere has a singularity.

Proof.
χ(sphere) = 2.

Corollary 5 (Brower, 1910)
Every continuous map of a closed disc to itself has a fixed point.

Proof.
Glue to a disc with unstable node. Make fields agree on equator.

From here:

winding number and topological proof of FTA;
Nash equilibrium;
. . .

}
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