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MAT4TOP ASSIGNMENT 2, 2017

1. Return your assignment solutions at the lecture on September 12th.

2. Start with the following statement of originality, which must be signed by you:
"This is my own work. I have not copied any of it from anyone else."

3. The total of this assignment is 18 marks (not counting the Bonus Questions).
All the questions are marked.

1. (Connectedness)

Suppose that X and Y are subsets of a topological space (A,S) such that X ∩ Y ̸= ∅.

(a) Prove that if X and Y are connected, then X ∪ Y is connected.

(b) Prove that if X and Y are path connected, then X ∪ Y is path connected. Hint: use
Theorem 5 of Lecture 4.

Comment: the construction in part (b) is called “the product of paths”. We will
need it later to define the fundamental group.

2. (Regularity)

A topological space (A,S) is said to be regular if for all closed subsets C ⊂ A and all
y ∈ A \ C, there exist disjoint open sets U and V such that y ∈ V and C ⊂ U . Prove that
all compact Hausdorff spaces are regular.

3. (Dense and Hausdorff)

Let (A,S) and (B, T ) be topological spaces. Suppose that D is a dense subset of A, and
that f : A → B is a continuous function that is constant on D.

(a) Show that if (B, T ) is Hausdorff, then f is constant on A.

(b) Give an example of spaces A,B, a dense subset D ⊂ A, and a continuous function
f : A → B that is constant on D but is not constant on A.

4. (Compactness)

(a) Prove that any finite subset in a topological space is compact.

(b) Prove that a topological space with the finite closed topology is compact.

(c) Prove that any compact set in the Sorgenfrey topology on R is compact in the Eu-
clidean topology (explain and use the fact that the Sorgenfrey topology is “finer” than
Euclidean: any Euclidean open set is Sorgenfrey open).

(d) Prove that [0, 1] is not Sorgenfrey compact.

(e) Prove that {1, 1
2
, 1
3
, . . . } ∪ {0} is Sorgenfrey compact.
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(f) (Bonus Question, 3 marks) Prove that any Sorgenfrey compact set is countable
(that is, has the same cardinality as N). You can use the fact that the set of rational
numbers is countable.

5. Bonus questions (2 marks) Prove that there are two antipodal points on the equator
with the same temperature (assume the temperature is continuous).
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